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1 Introduction

1.1 Solids and fluids

Materials are usually classified either as solids or as fluids. Commonly, solids are considered
to have a definite shape. Fluids, on the other hand, do not have this property and individual
particles of a compositionally homogeneous fluid are envisaged as being capable of rearrange-
ment without affecting the macrophysical properties of the fluid. Obviously, the distinguishing
properties of solids and fluids are closely related to the ease by which the materials are deformed

by applied forces. This suggests the following qualitative classification:

e A solid is a material for which changes in the applied forces cause simultaneous changes

in the relative positions of the constituent particles.

e A fluid is a material for which steadily applied forces cause continuous changes in the

relative positions of the constituent particles.

A more rigorous classification will be introduced below (Chap. 5).

Furthermore, fluids are commonly subdivided into liquids and gases. The characteristic
difference between liquids and gases is the much larger compressibility of the latter. From a
dynamical point of view, compressibility is, however, a less discriminatory property than fluidity.

Therefore, liquids and gases are usually studied together.

1.2 Continuity principle

In the continuum theory of solids and fluids, a real material is represented by the concept of the

continuum. The following definition will be used:

e A continuum is a fictitious material which completely fills a particular region of space at
any time epoch and whose characteristic fields can be represented by continuous functions

of space and time.

The adequacy of this concept in view of the discrete structure of real materials is obviously
related to the enormous number of molecular particles contained in macrophysically small vol-
umes and to the extreme shortness of molecular oscillations in comparison to the duration of

macrophysical changes. To understand this more clearly, we envisage a measuring instrument
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Figure 1.1: Dependence of the measured value of an arbitrary field associated with a real

material on the effective volume or time interval considered.

which responds to some field associated with the material. The result of each measurement is an
average value of this field over an effective volume during an effective time interval. Normally,
the instrument is designed in such a way that further reductions, within limits, of the effective
volume or the effective time interval would not change the value of the measurement. Then,
the effective volume and time interval are small relative to the macrophysical scale and the
measurement is called localized in space and time. However, for the same measurement, the
effective volume and time interval must be large relative to the microphysical scale, i.e. they
must contain a sufficient number of particles and oscillations. This is in order that molecular
fluctuations in space and time do not affect the value of the measurement. Experience has shown
that it is usually possible to assign localized values to the fields associated with real materials

in this sense (Fig. 1.1). We are thus led to the continuity principle:

e The macrophysical behaviour of a real material with given discrete structure is identical to
that of a fictitious material with assumed continuous structure whose values of the fields
are equal to the localized values of the respective fields, referred to a particular point in

space and time, of the given real material.

The continuity principle justifies the description of the behaviour of real materials by continuous
functions of space and time and the use of the mathematical methods of calculus for the closer
study of this behaviour. Simultaneously, it provides a simple physical model in agreement with
everyday experience. The principle therefore allows mathematical analysis to be guided by

physical intuition.



1.3 Elements of continuum mechanics

In the following chapters, we will be concerned with continuum mechanics, which divides natu-

rally into three major parts:
e General concepts and principles
e Constitutive equations
e Specialized field theories

The general concepts and principles apply to all types of continuum. They include the kinematic
concepts of deformation and flow (Chap. 2), the mechanical concept of stress (Chap. 3), and the
dynamical principles governing the conservation of mass, momentum and energy as well as the
change of entropy (Chap. 4). Constitutive equations specify the particular type of continuum
and, in particular, determine whether the continuum is a solid or a fluid (Chap. 5). The combi-
nation of the general concepts and principles with special constitutive equations results in the

field theories of elastodynamics, viscodynamics and viscoelastodynamics (Chap. 6).



2 Deformation and flow

2.1 Introduction

In the following, we will refer to the continuum as the body and to any subset of it as a subbody.
We will also introduce the 3-D Euclidean space and call any subset of it a domain. Hence, at any
time epoch, any subbody fills some domain. Furthermore, we will distinguish between particles
of the body and points of the 3-D Euclidean space. The identification of the particles of the
body with the points of the domain occupied then defines the current state of the body at the
time epoch considered.

Deformation studies distinguish between the undeformed initial state and the deformed
current state. This view implies that the particular sequence of states by which the body has
passed from the initial to the current state does not affect the latter. By contrast, flow studies do
not distinguish an initial state, but specify the sequence of current states and, thus, emphasize
the history of the body. Familiar examples of these concepts are elastic deformations and viscous
flows, respectively.

We begin with a brief introduction into the two kinematic representations most widely
used in continuum mechanics (Sec. 2.2). This is followed by a summary of the concepts of
spatial and material time derivatives (Sec. 2.3). After this, infinitesimal strain and infinitesimal
rotation (Sec. 2.4), finite deformation and finite strain (Sec. 2.5), and strain rate and vorticity
(Sec. 2.6) will be discussed. The chapter concludes with an outline of the concepts of principal,

spherical and deviatoric strains (Sec. 2.7).

2.2 Kinematic representations

Several types of kinematic representation of the motion (deformation or flow) of a body have
been developed. Most widely used are the Eulerian and Lagrangian representations, which
we introduce for arbitrary Cartesian tensor fields. We also present formulae for the gradients,
differentials and integrals of fields in the two kinematic representations and compile several

useful identities.
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Figure 2.1: Material (initial) position, X;, spatial (current) position, r; and displacement, U;

or u;, of some particle of the body.

2.2.1 Fields

A particular field is the position, which we use to refer particles or points to some Cartesian
coordinate system. Distinguishing between the initial time epoch, ¢ = 0, and the current time

epoch, t > 0, we introduce the following kinematic representations (Fig. 2.1):

Eulerian representation: The independent variables are the spatial position, r € R U IR, with
R the spatial 3-D domain (spatial volume) currently occupied by some subbody confined by the
spatial 2-D domain (spatial boundary) OR, and the current time epoch, t € [0,00). If X; is the

initial position of the particle currently at r, the motion is given by
Xi = AX'Z'(I‘7 t). (21)

We assume the function to be single valued and continuously differentiable. If ¢ is held fixed,
(2.1) represents a mapping of the current state onto the initial state. For fixed r, it allows us to

identify those particles that successively occupy a particular spatial position.

Lagrangian representation: The independent variables are the material position, X € X' U 9X,
with X’ the material 3-D domain (material volume) initially occupied by some subbody confined

by the material 2-D domain (material boundary) 90X, and the current time epoch, t € [0, c0).



If r; is the current position of the particle initially at X, the motion is given by

As before, we assume that the function is single valued and continuously differentiable. If ¢ is
held fixed, (2.2) represents a mapping of the initial state onto the current state. For fixed X, it
allows us to identify those spatial positions that are successively occupied by a particular particle.

With (2.1) and (2.2) single-valued and continuously differentiable mappings, they are
unique inverses of each other. Necessary and sufficient for this is that the spatial and material

Jacobian determinants of the respective 3 x 3 matrices of partial derivatives are positive:

J¥(r,t) = det (0X;(r,t)/0r;) >0, (2.3)
i XX, 1) = det [0r;(X,1)/0X;) > 0. (2.4)

A field related to the position is the displacement, whose Eulerian and Lagrangian repre-

sentations are defined by (Fig. 2.1)

Ui(r,t) =T;— Xl-(r,t), (25)
ui(X,t) = TZ‘(X,t) - XZ (26)

More generally, any Cartesian tensor field associated with the body can be described using

either kinematic representation. The appropriate mappings are

Fij.. = F;j. (xr,t), (2.7)
fij... = fij. (X,1), (2.8)

which are the Eulerian and Lagrangian representations, respectively, of the field. If the Eulerian
representation is given, substitution of (2.2) into (2.7) yields the corresponding Lagrangian
representation:

Fij. [r(X,1),t] = fi;. (X, 1). (2.9)

If, on the other hand, the Lagrangian representation is given, substitution of (2.1) into (2.8)

gives the associated Eulerian representation:
fij. [ X(r,t),t] = Fj;.(r,t). (2.10)

Note that Fj; = specifies the current value of the field at the fixed spatial position r, whereas
fij... gives this value at the moving particle with the material position X. As before, we suppose
that both mappings are single valued and continuously differentiable. Sometimes, a field is more
conveniently described in one kinematic representation than in the other. For example, in defor-

mation studies, the undeformed state is distinguished from all other states. Displacements and

10



strains are therefore naturally defined using the Lagrangian representation, with the undeformed
state taken as the initial state (Sec. 2.4). In contrast to this are flow studies, where, usually,
no natural initial state can be distinguished. Thus, velocities and strain rates are more readily
expressed using the Eulerian representation (Sec. 2.6).

We continue to use upper-case indicial symbols for the Eulerian representation of fields
and lower-case indicial symbols for their Lagrangian representation. Note that the same symbol
is employed both for the field value and for its functional dependence. In contrast to this, the
bold-face symbols are used for the position when regarded as an independent variable. In the
following, the independent variables spatial position, r, material position, X, and current time

epoch, ¢, will usually be suppressed.

2.2.2 Gradients

When considering the gradients of fields, we define for brevity

OF;

5. i 2.11

ij....k 87“k ’ ( )
Ofij...

fijok = —a)gk : (2.12)

which are the spatial and material gradients, respectively, of the field. Note that, by differenti-
ation of (2.9) and (2.10), the following relationships apply:

Fij. arie = fijo ks (2.13)
fijoaXik = Fij. k- (2.14)

2.2.3 Kronecker and Levi—Civita symbols, identities

Special quantities required in the following are the Kronecker symbol and the Levi—Civita sym-

bol. The Kronecker symbol is a second-rank tensor with the following properties:

1, 1=7
6ij = . (215)
0, i#j]
The Levi—Civita symbol is a third-rank tensor defined as follows:

1, 17k even permutation of 123
€ijk *= 4 —1,  ijk odd permutation of 123 . (2.16)

0, 17k no permutation of 123

Note that d;; and €;;; do not depend on the position, whence the Eulerian and Lagrangian

representations are identical. For simplicity, lower-case symbols are always employed. For

11



particular derivations, the Jacobian identities are useful:

I €tmn = €j1Xi1X5,m Xk n, (2.17)
3% €lmn = €ikTi 1T m k- (2.18)
Other useful identities are

JrjX =1, (2.19)

GXZ 67”@'
=% =5, 2.20
an 6rj B ( )
Xi,krk,j = Ti,ka,j = 5@] (221)

Obviously, X; ; and r; ; are mutually inverse tensors, whence we have

Xij=rig rij =X (2.22)
Finally, we list the Piola identities:
(J"X53),= (750, =0. (2.23)

2.2.4 Differentials and integrals

In the following, we will be concerned with spatial and material 1-D differentials (differential
lengths), dr; and dX;, respectively, spatial and material 2-D differentials (differential areas), d %r;
and d2X;, respectively, and spatial and material 3-D differentials (differential volumes), d 3r and
d3X, respectively, for a fixed time epoch, t. The magnitudes of dr; and dX;, respectively, are
defined by

N[

dr = (dr; dr;) (2.24)

)
1
2

Furthermore, we introduce the spatial unit vector collinear with dr; and the material unit vector

collinear with dX;, respectively, by

dr;
= (2.26)
dX;
X 7
= . 2.2
pX = (2.27)
Similarly, we define the magnitudes of d?r; and d?X;, respectively, by
1
d?r = (d*r;d?r;)2, (2.28)
1
d?X = (d*X;d*X;)? (2.29)

and the spatial unit vector collinear with d?r; and the material unit vector collinear with d2.X;,

respectively, by

dQT’Z'
n

i T g2y

(2.30)

12



d?X,
X . ?
N> = oY

The differentials and unit vectors introduced above may also be used as fields in the Eulerian

(2.31)

and the Lagrangian representations. To restrict the number of symbols, no special upper- and
lower-case symbols are introduced in these cases.
Differentials of arbitrary fields, F;; . and f;;., for a fixed time epoch, ¢, respectively, are
introduced by
dFy;.. .= Fyj. pdry, (2.32)

dfij... .= fij.. .k dXg. (2.33)

The integrals of Fj;  over R and f;;. . over X, respectively, are given by

Fij... 12/ Fyj..d®r, (2.34)
R
X

2.2.5 Transformation formulae for differential length, area and volume

Eulerian representation: In view of (2.32), the Eulerian representation of the initial differential

length, dX;, associated with the spatial differential length, dr;, is given by
dXZ = Xi,j d’l“j. (236)

To obtain the Eulerian representation of the initial differential area, d?X;, in terms of the
spatial differential area, d?r;, we write it as the vector product of two differently directed initial

differential lengths, dX " and dX? (Fig. 2.2):
d*X; = eijdx Y axy?, (2.37)
which, using (2.36), can be rewritten as
d%X; = ;i Xjm dri) Xy, dr®. (2.38)
Using the Jacobian identity (2.17), we obtain from (2.38) the expression
X;d*X; = J" ek dr](»l) drl?). (2.39)

In view of the formula for the current differential area equivalent to (2.37):

d27”l’ = €5k d?”](»l) d’I“IE:Q), (240)
equation (2.39) reduces to
Xj’idQXj :erQ’l“i. (241)

13



Figure 2.2: Material (initial) differential lenghts, dX i(k), located at X; and associated spatial
(

(current) differential lenghts, drik), located at r;.

Multiplication with r; 5, and consideration of (2.21) and (2.22) finally provides
d>X; = J X dPr;. (2.42)

The Eulerian representation of the initial differential volume, d3X, in terms of the spatial

differential volume, d3r, can be obtained by writing it as a vector triple product (Fig. 2.2):
4*X = e dx M axP ax?, (2.43)
which, in view of (2.36), can be recast into
A3X = e X drY X dr? X dr®. (2.44)

Using (2.17) and the formula equivalent to (2.43):

d3r = ey, drgl) dr](?) dr,(:’), (2.45)
we finally get
d3X = J d>r. (2.46)

Lagrangian representation: Since the Eulerian representation (2.1) is formally identical to the
Lagrangian representation (2.2), the inverse relations corresponding to (2.36), (2.42) and (2.46)
are obtained by replacing r; and J* by X; and j X, respectively, and vice versa. This gives the

following formulae:
d?”l' = T@',j de, (247)

14



d’r; = j%r; d*X;, (2.48)
d3r = jXd3X. (2.49)

2.3 Time derivatives

We first consider the time derivatives for arbitrary fields. Following this, we give expressions for

the time derivatives of the differential length, the differential area and the differential volume.

2.3.1 Fields

The time rate of increase of any field with respect to a fixed spatial position is called the spatial
time derivative. This needs to be distinguished from the material time derivative, which gives
the time rate of increase with respect to a moving particle. The natural representation of the
spatial time derivative is the Eulerian representation, whereas the Lagrangian representation is
appropriate to the material time derivative.

Since the laws of dynamics apply to particles, it is the material time derivative that natu-
rally appears in the fundamental principles. However, in flow studies, the trajectories of particles
are in general unknown, whence 7;(X,t) cannot be specified. This excludes the knowledge of

the material time derivative of r;:
8ri
= = 2.50
o ( ot )X 7 (2:30)

which is the Lagrangian representation of the velocity, and of the material time derivative of v;:

({91)2‘
;= | — , 2.51
Y <3t)x (2:51)

which is the Lagrangian representation of the acceleration. On the other hand, the Eulerian
representation of the fields characterizing the flow can usually be determined. Reconsidering
the velocity, we thus know

Vi = Vi(r, 1). (2.52)

. v
i = , 2.
v (315 > (2.53)

which, in general, is different from v;. For example, in inhomogeneous and steady flow, the

The spatial time derivative of V; is

spatial time derivative of the velocity vanishes everywhere, whereas a particle may experience

acceleration while moving to a neighbouring spatial position where the velocity is different.
Since the laws of dynamics involve the acceleration of particles and since the Lagrangian

representation of the velocity is usually not possible, the acceleration must be calculated from the

Eulerian representation of the velocity. To accomplish this, only the existence of the unknown

15



trajectories, r; = r;(X,t), must be assumed. Substitution into (2.52) gives

Vi= ‘/;[r(X7 t)a t] (254)
and, by the chain rule of calculus,
oV; oV; or;

L) = - Vil =2 2.55
<6t>x <8t)r+ ’J<6t>x’ .

which, using (2.50) and v; =V}, can be expressed as

aV; aV;

= Vi iVi. 2.56
<8t>x <6t)r+ R (2:56)

This expresses the acceleration in terms of the Eulerian representation of the velocity and its

derivatives. For convenience, the following notational simplifications are introduced:

v, (o
Ao (315 )X (2.57)
DV, [0V,

Al ((% > (2.58)

With these definitions, (2.56) takes the form

dv; DV,
dt Dt

+ Vi Vi (2.59)

The difference between the material and spatial time derivatives of V; is given by the second term
on the right-hand side of (2.59). Physically, this term describes the part of the material time
derivative which is due the movement of the particle to a neighbouring spatial position where the
velocity is in general different. For this reason, the term is called the advective time derivative.

The material time derivative of any other field can be calculated in the same way if its
Eulerian representation is known. This allows the introduction of the material time-

derivative operator:

d D 0
= <E +V; 8_7“i) : (2.60)

which can be applied to any field given in the Eulerian representation.

2.3.2 Differential length, area and volume

Also useful are expressions of the material time derivatives of the current differential length, the
current differential area and the current differential volume. Before we derive these expressions,

we calculate the material time derivative of j *. Expanding the determinant in (2.4), we obtain

3% = €ijrriira, i, (2.61)

d] X d?”l i d’I“Q j d’l“g k
—— =€k | — = T2,T 1 = r1ir9 i ——— | . 2.62
7 ngk( o T2 3k T i 3k 1 71,072, o ) (2.62)

16



Interchanging the order of the derivatives and using v; := dr;/dt and V; = v;, we may write

d?”l” 7
dt

= Uz‘,j = V;‘,krk,j- (263)

Substituting this equation into (2.62) results in

dj*
W = Eijk(vl,l’l“l,irg’jTg,k + T’l,iVQ,[’I"l,jTg,k + Tl,ir2,j‘/i’),lrl,k) (2'64)
or, alternatively,
dj*
— = ViirLira ik + Voa€ihr it g+ Va €k, k- (2.65)

Six of the nine determinants vanish, because two rows of the associated matrices are identical

in these cases. Keeping only the non-vanishing determinants, we have

djX
# = V1,16ijk71,i72,573,k + V2,2€i5871,i72,73,k + V3,3€ik71,i72,573 k> (2.66)
which, using (2.61), reduces to
dj* X

Differential length: With (2.47), we obtain for the differential length

d dr; ;
_ d i — 1,]
at T Tat

dx;, (2.68)

which, upon interchanging the order of the derivatives on the right-hand side and considering
v; = dr;/dt and (2.13), yields

a d’l“i = V;‘,k"ﬂk,j dXJ (269)

Using (2.47) again, this equation takes the form

d
E d'l“i = Vi,j d’f'j. (2.70)

Differential area: According to (2.48), the differential area satisfies
d27°i = jXXj,Z' d2Xj, (2.71)

so that the material time derivative takes the form

d dj% dX;;

Using (2.67), the first term in the parentheses is given by

di*

yr Xji=Vipi X, (2.73)
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The second term can be evaluated by taking the material time derivative of (2.21), resulting in

d?"i k
dt

Xk,j
dt

d
Xk,j + Tk =0. (2.74)

Interchanging the order of the derivatives in the first term, rearranging the terms and using

v; :=dr;/dt and (2.14) yields
Xk,
L BRkg 2,
i = v, (2.75)

or, after multiplication with X;; and use of (2.21),

dXji

VieiXoi k- 2.76
dt ki< g,k ( )

If we substitute (2.73) and (2.76) into (2.72), we obtain

d )
aEeri::]X(v%kxgﬂ-vgjx;k)dQAg, (2.77)

which, using (2.48), finally reduces to

d
E dQT’Z' = ij,j d2’l“i - ij’l’d2’l“j. (278)

Differential volume: Using (2.49), we have, for the differential volume,

d dj*x

—d’r = dX. 2.79
at” T Tt (2.79)
Substituting (2.67) into this expression yields
d 3 ‘X 13
7 d’r=V;;77d>X (2.80)
and, in view of (2.49), the formula
d 3 3
7 d°r =V;;d"r. (2.81)

2.4 Infinitesimal strain and rotation

We consider neighbouring particles initially separated by the material differential length d.X;
and experiencing the displacements u; and u; + du; (Fig. 2.3). In view of (2.33), the differential

displacement, du;, for a fixed time epoch, t, can then be expressed by
dui = ui,j de, (282)

where u; ; is the material displacement gradient. Normalizing du; with respect to dX, we obtain
with (2.27) for the differential displacement per material unit length the expression

dul-

X
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Figure 2.3: Displacements, u; and u; + du;, for a fixed time epoch, ¢, of two particles initially

at neighbouring material positions, X; and X; + dX;, respectively.

This relation can be shown to represent a linear vector function mapping an arbitrarily directed

material unit vector, Pix, onto the relative displacement per material unit length, du;/dX, so

that u; ; is a second-rank tensor.

We now introduce the following decomposition:
Ui = %(ui,j +ujq) + %(ui,j — Uj ). (2.84)
The first term on the right-hand side is symmetric:
ejj = %(ui,j + uj;), (2.85)
whereas the second term is skew-symmetric:
Q= %(ui,j — Uj ). (2.86)

To find simple interpretations of the symmetric and skew-symmetric parts of u; j, we assume
that it is infinitesimal. Then, e;; and «;; are referred to as the infinitesimal strain tensor and
the infinitesimal rotation tensor, respectively.

First, we set a;; = 0, so that (2.83) reduces to

Defining the infinitesimal strain vector by
duy
€; 1= d—)é s (288)
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€21

Xo

X1 dXz

Figure 2.4: Longitudinal strain, e11, and transverse strain, esy, associated with some material

differential length, d.X;, assumed to be infinitesimal.

equation (2.87) takes the form
€; — eiijX. (2.89)

The interpretation of the components of e;; can be seen by considering
Q7 = e;; QX P, (2.90)

which represents the component of e; in the direction of a second material unit vector, QiX.
If, for example, PX = (1,0,0) and QX = (1,0,0), the component describes the longitudinal
strain (extension per material unit length) of the infinitesimal length initially oriented in the
X, direction and is given by ej; (Fig. 2.4). If, on the other hand, P,X = (1,0,0) and QX =
(0,1,0), the component describes the transverse strain (shear per material unit length) in the
Xy direction of the infinitesimal length initially oriented in the X; direction and is given by
ea1 (Fig. 2.4). More generally, we find that the main-diagonal components of e;; are associated
with extension, whereas the off-diagonal components of e;; are associated with shear. However,
since e;; = e;;, the rotation of the infinitesimal length initially oriented in the X; direction is
balanced by an equal, but opposite rotation of the infinitesimal length initially oriented in the
X direction. Hence, for pure strain, any infinitesimal material surface with sides initially in

these directions experiences no net rotation.

To illustrate o;;, we set e;; = 0, so that (2.82) becomes
dui = Oéij dXJ (291)
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dui

Figure 2.5: Rotation, oy, associated with some material differential length, d.X;, assumed to be

infinitesimal.

If we introduce the infinitesimal rotation vector by
a; 1= —%eijkajk, (292)

equation (2.91) is equivalent to

dui = €jk0y ka (293)

This formula describes a relative rotation by the infinitesimal rotation angle a of two particles

separated by the infinitesimal material length dX; about an axis parallel to «; (Fig. 2.5).

2.5 Finite deformation and strain

Before extending the concept of strain to finite deformations, it is necessary to formalize the
concept of deformation.
2.5.1 Cauchy deformation and strain

We begin with the Eulerian representation and consider the initial differential length, dX;, for

a fixed time epoch, ¢. In view of (2.25) and (2.36), its squared magnitude can be written as
dX?% = X, jdr; X;  dry. (2.94)
If we define the Cauchy deformation by
HS = Xp: Xy j, (2.95)
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equation (2.94) becomes

dX? = Hf dr;dr;. (2.96)

Using (2.25), we now consider the difference

dr® —dX? = drydr; — H dr; dr;

= (6ij — X,iXk,j) dr;drj. (2.97)
Introducing the Cauchy strain by
ES = 3(6ij — Xu,iXn.;), (2.98)
equation (2.97) can be rewritten as
dr® — dX? = 2E5 dr; dr;. (2.99)

We may use (2.5) to express EZ]C in terms of U;. Since, according to (2.5), X;; = 0;; — Ui ;,
equation (2.98) takes the form

EZ? — [51‘3’ — ((5]“' - Uk,i)(ékj - Uk,j)]

1
2
Ui+ Uji — Ug,iUyj). (2.100)

2.5.2 Green deformation and strain

Alternatively, we consider the Lagrangian representation of the current differential length, dr;,

for a fixed time epoch, t. In view of (2.24) and (2.47), its squared magnitude becomes
d?"2 =Tij dX] Tik ka (2101)
If we introduce the Green deformation by

il = ThiTh (2.102)

equation (2.101) becomes

dr® = hj dX; dX;. (2.103)

Next, we take the difference

dr® —dX? = h dX;dX; — dX; dX;
= (rk,irk,j - 523) dXZ dX] (2104)

In terms of the Green strain defined by
eij = 5(rnarng = 0ij), (2.105)
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equation (2.104) can be recast into

dr® — dX? = 2 dX; dX;. (2.106)

G

Using (2.6) to express e;; in terms of u; and considering r; ; = d;; + u;, ; according to (2.6), we

may rewrite (2.105) in the form

Y [(Oni + ur,i) (Or; + ur.j) — 0ij]

1
2
%(ui,j + Uj i + umuk,j). (2107)

2.5.3 Relation to infinitesimal strain

Assuming infinitesimal displacement gradients, the products in (2.100) and (2.107) may be
neglected, so that

C
Ej = 3(Ui; +Uj.), (2.108)
ei = 3(ui;+uji). (2.109)
Comparing these results with (2.85), we note that eg’ = ¢;; in this special case. However,

from (2.6) and (2.14), it follows that U; ; = u; 1 Xk ; = i k(6x; — Ug,;), which, for U; ; and
u;,; infinitesimal, reduces to U; ; = u; ;. Hence, EZ? = eg' applies on this assumption, ¢.e. the

distinction between the Cauchy strain and the Green strain is not necessary.

2.6 Strain rate and vorticity

In contrast to the trajectory as the path followed by a particle during flow, the streamline is
the curve whose tangent at any point has the direction of the velocity vector for the particle
currently at this point. In the special case of steady flow, all fields are time-independent.
Hence, the streamline pattern does not change with time and the trajectories coincide with
the streamlines.

In deformation studies (Sec. 2.4), the actual trajectories are irrelevant and the deformation
is profitably specified in terms of the displacement field with respect to the initial state, u;(X, ),
i.e. in the Langrangian representation. The geometric illustration of this displacement is a
straight line directed from X; to r;, whether the actual movement does proceed along this line
or not (Fig. 2.3).

In flow studies, it is obvious to specify the sequence of current states. In principle, this can
be achieved by specifying the trajectory of each particle explicitly. However, as the trajectories
are usually unknown, it is necessary to start from the observable spatial streamline pattern,

Vi = Vi(r,t), i.e. to use the Eulerian representation.

23



Figure 2.6: Velocities, V; and V; + dV;, of two particles currently at neighbouring spatial

positions, r; and 7; 4+ dr;, respectively. The dashed lines indicate the unknown trajectories.

In Fig. 2.6, the dashed lines represent the unknown trajectories of two particles currently
separated by the spatial differential length dr;. Their current velocities are tangential to the
trajectories at their respective positions and given by V; and V; + dV;. In view of (2.32), the

differential velocity, dV;, for a fixed time epoch, ¢, can be written in terms of dr; as
v, = Vi, dr;, (2.110)

where V; ; is the spatial velocity gradient. Using (2.24) and (2.26), the differential velocity per

spatial unit length is given by
dvi

= = VipJ - (2.111)
This represents a linear vector function, whence V; ; is a second-rank tensor.
For the interpretation of V; ;, we decompose it into
Vi =5(Vig+ Vi) + 5(Vig = Vja). (2.112)
The first term on the right-hand side is symmetric and called the strain-rate tensor:
Dij = 5(Vij + Vja)- (2.113)
The second term is skew-symmetric and referred to as the vorticity tensor:
Qij = 5(Vig = Via). (2.114)

The interpretation of D;; is found by setting §2;; = 0, in which case (2.111) becomes

av;
dr

= Dijp]r. (2115)
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Introducing the strain-rate vector by

dVi
D; := , 2.116
= (2116
we can rewrite equation (2.115) as
Di = Dijp;- (2117)
For the interpretation of D;;, we consider
Diqi = Dijq;"p;, (2.118)

which represents the component of D; in the direction of a second spatial unit vector, ¢". If, in
particular, pf = (1,0,0) and ¢ = (1,0,0), the component D1; describes the longitudinal strain
rate (extension rate per spatial unit length) of the infinitesimal length currently oriented in the
r1 direction. On the other hand, if p/ = (1,0,0) and ¢} = (0,1, 0), the component Dy; describes
the transverse strain rate (shear rate per spatial unit length) in the ro direction associated with
the infinitesimal length currently oriented in the rq direction. More generally, we can state that
the main-diagonal components of D;; are associated with extension, whereas the off-diagonal
components describe shear.

The interpretation of (2;; follows if we set D;; = 0 and consider

dVZ = Qij d?“j. (2.119)
With the vorticity vector given by
;= — L€ 2, (2.120)
equation (2.119) is equivalent to
dVZ = eijkﬂj d?“k. (2.121)

This formula describes a relative rotation with the angular speed 2 of two particles separated

by the infinitesimal spatial length dr; about an axis parallel to £2; (Fig. 2.5).

2.7 Special measures of strain

2.7.1 Principal strains

As discussed in Sec. 2.4, the infinitesimal strain tensor, e;j, assigns to an arbitrarily directed
material unit vector, PiX, the strain vector, e;. Of particular interest are the principal direc-
tions, for which the two vectors are collinear and, therefore, the strains purely longitudinal. In
general, these directions depend on X. We therefore consider P,X as a field in the Lagrangian

representation and write

e; = \PX. (2.122)
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Since, according to (2.89),
e = e P, (2.123)

we obtain from these equations the linear relation

(eij — )\5”)]3])( = 0. (2.124)

Non-trivial solutions to this equation result only if the coefficient determinant vanishes:
det (eij — )‘5U) =0. (2.125)

Expansion of the determinant leads to a cubic polynomial in A:

AP —aWX2 4@\ —a® =0, (2.126)
where
aM = ey, (2.127)
a? = S(eiiej; — eijeis), (2.128)
a® = det ey (2.129)

are the first, second and third invariants of e;;, respectively. It can be shown that, with e;;
symmetric and real, the three roots of (2.126) are also real. They are called the principal values
of e;; and denoted by e @ and e®). For each e, the associated principal direction, Pix(k),
is found by solving

(eij — e(k)éij)PjX(k) =0 (2'130)

subject to the condition Pix(k)PiX(k) =1. If e®, e and e® are distinct, the three orthogonal
principal directions, Pix(l)7 Pix(z) and Pix(g)7 are uniquely determined. If, for example, e(t) =
e@ and e £ ) only ij(3) is uniquely determined. The other principal directions are any

pair of mutually orthogonal unit vectors in the plane normal to Pix(g)

, whence shearing cannot
take place in this plane. If, even, e = ¢ = () any direction is a principal direction and
shearing is not possible.

In any case, three mutually orthogonal principal directions, Pix(l), PiX(Z) and ij(3)j can
be selected as the basis of a new Cartesian coordinate system. Since, per definitionem, the
strain is purely longitudinal in any of its principal directions, the strain matrix in this principal

coordinate system must be diagonal, with the principal values of e;; the main-diagonal elements

of this matrix:

e o0 0
[eij] = 0 6(2) 0 . (2.131)
0 0 e®
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Figure 2.7: Material (initial) differential volume, d®X = dX; dX5 dX3, and associated spatial

(current) differential volume, d3r = dry dro drs.

Obviously, three components fully determine the strain if expressed in a principal coordinate
system. However, the description of the state of strain is only complete if the principal directions
are also known. This requires the specification of three additional scalar quantities.

We note that our analysis of principal strains has only supposed that e;; is symmetric and

real. With the appropriate modifications, it therefore also applies to any other field with these

C G

properties, for example the Cauchy strain, E;7, the Green strain, e;7,

and the strain rate, D;;.

2.7.2 Spherical and deviatoric strains

Sometimes, it is useful to decompose e;; into the sum of two particular fields:

€ij %ekk(;ij + €[iz)- (2.132)

The first term on the right-hand side is referred to as the spherical part of e;;.:
e(l-j) = %ekk@‘j. (2.133)

Obviously, it is a diagonal tensor whose trace equals ). The second term, €[ij], 1s called the
deviatoric part of e;;.
The interpretations of e;; and ef;;; can be found by considering an infinitesimal subbody

initially occupying a rectangular parallelepiped with the material differential volume
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d3X = dX;dX,dX3. Provided that the subbody is strained longitudinally along its edges,
it occupies a rectangular parallelepiped with the current differential volume d3r = dry dro drs
(Fig. 2.7). In view of the interpretation of the main-diagonal components of e;; (Sec. 2.4), we
can thus write

d3r —d3X  (1+4e11)dXy (1 + ex)dXs (14 e33)dX3 — dX1dXodX3

43X dX; dX, dX3
= (1 + 611)(1 + 622)(1 + 633) -1, (2134)

which, taking into account that e;; is infinitesimal, reduces to

d3r —d3X

3 = e11 + €22 + €33 = €;;. (2135)

Since, by (2.132), efis) = 0, the main-diagonal components of e[;;; do not involve volume changes.

Moreover, with ef;;) = ¢|

ji)» the off-diagonal components of ef;;; describe the skewing of the sub-

body initially occupying the rectangular parallelepiped. Since e[;; is infinitesimal, this transfor-

i]
mation can be shown not to be accompanied by volume changes. Therefore, e;; measures the
increase in volume per material unit volume, i.e. the dilatation of the material volume, whereas
e;j) describes its distortion.

We emphasize that the interpretations of e; as the dilatation and ef;;; as the distortion

are contingent upon e;; being infinitesimal and, therefore, cannot be extended to the Cauchy

C

;7 » or the Green strain, el

strain, F 5
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3 Stress

3.1 Introduction

After reviewing the kinematic concepts of continuum mechanics in Chap. 2, this chapter discusses
the mechanical concepts. We begin with the distinction between volume forces and surface
forces (Sec. 3.2) and state the Cauchy traction principle for the latter (Sec. 3.3). Next, we will
introduce the Cauchy stress and investigate its symmetry properties (Sec. 3.4). This is followed
by the definitions of the Piola, Finger and Kirchhoff stresses (Sec. 3.5). Finally, the concepts
of principal, spherical and deviatoric stresses will be outlined (Sec. 3.6). We note that, whereas
the Cauchy stress is introduced on fairly general assumptions, the symmetry of the associated
tensor is established only for the restricted case of equilibrium, absence of volume forces and

homogeneous stress distribution (for a more general proof see Sec. 4.6).

3.2 Volume and surface forces

The forces acting upon some subbody can be classified by distinguishing between long-range
and short-range interactions. Long-range interactions comprise gravitational, electromagnetic
and inertial forces. These forces decrease very gradually with increasing distance between the
interacting particles. As a result, long-range forces act uniformly upon the material contained
within a sufficiently small volume, so that they are proportial to its size (Fig. 3.1a). In continuum
mechanics, long-range forces are therefore called volume forces.

Short-range interactions comprise several types of molecular forces. Their common feature
is that they decrease extremely rapidly with increasing distance between the interacting particles.
Hence, short-range forces are appreciable only when this distance does not exceed molecular
dimensions. A further consequence is that, if the material occupying a volume is acted upon by
short-range forces originating from interactions with the material outside of this volume, these
forces can only influence the particles on and immediately below the surface of this volume
(Fig. 3.1b). In continuum mechanics, short-range forces are therefore classified as surface forces.
They are specified more closely by constitutive equations (Chap. 5).

In the following, it will be supposed that volume and surface forces arise due to interactions
that are equal, opposite and collinear (strong axiom of action and reaction). Because of this

restriction, distributed volume and surface couples cannot arise.
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Figure 3.1: (a) Volume forces and (b) surface forces acting upon selected particles currently

occupying some spatial volume.

3.2.1 Eulerian representation

We first define the integral volume force, F,V, acting upon the subbody currently occupying

some spatial volume, R. If F; denotes the force per spatial unit volume, we then have
FY = / Fyd®r. (3.1)
R

Since gravitational and inertial forces are proportional to the mass, we may alternatively
write (Fig. 3.2)

FY = /R PG, d®r, (3.2)
where G; denotes the force per unit mass (gravity) and 0 the mass per spatial unit volume
(volume-mass density). Next, let T; denote the force per spatial unit area (Cauchy traction).
With this, the integral surface force, .7-"Z~S, currently exerted across the spatial boundary, OR, is
given by (Fig. 3.2)

Ff= [ Tid*. (3.3)
OR

Furthermore, we define by

F; = ]:Z-V + .7:Z-S (3.4)

the integral force acting upon the subbody currently occupying R. From (3.2) and (3.3), we
then find

]—"Z-:/ pGid3r+/ T, d>r. (3.5)
R IR
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T, d?r

sz d37'

Figure 3.2: Differential volume force, PG d3r, and differential surface force, T; d?r, currently

acting upon the subbody occupying some spatial volume, R, with the spatial boundary OR.

3.2.2 Lagrangian representation

To find the Lagrangian representation of (3.5), we consider the square of (2.48):
d?ryd®r; = (j%)%r ;erk Lq? X; d?Xg. (3.6)
Using (2.28) and (2.31), we obtain
d2r::jxuffr—wvxmﬁf)%d?x. (3.7)
In view of (2.49) and this equation, (3.5) takes the form
Fi= /ijpgz'dBX%-/aXJX(Tkﬂ"z] NXNZ )% d2X. (3.8)

where X is the material volume initially occupied by the subbody considered and 0X is its

material boundary. To simplify this equation, we introduce the Piola traction:
1
P - X 5
ti =] (rkjrlj NENS)2 (3.9)
Considering (3.8) and (3.9), the Lagrangian representation corresponding to (3.5) is
ﬂ:/j&%ﬁx+/tfﬁx (3.10)
X ox
This equation shows that jXpg; and tf can be interpreted as the force per material unit volume
and the force per material unit area, respectively.

3.3 Cauchy traction principle

We proceed by defining the Cauchy traction more formally. For this purpose, we introduce as

a special case of the continuity principle (Sec. 1.2) the Cauchy traction principle. To illustrate
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Figure 3.3: Differential surface force, dFiS, currently acting across some spatial differential area,
d?r, with the outward spatial unit vector normal to it, nir+, upon the subbody inside of some

spatial volume, R.

it, we consider a spatial surface, assumed to be planar and inside of some body, and isolate a
spatial volume, R, on one side of it. Furthermore, we denote by dFZ-S the differential surface
force currently exerted across some spatial differential area, d %r, with the outward spatial unit
vector normal to it, nirJr, upon the subbody inside of R (Fig. 3.3). The Cauchy traction principle

then postulates the existence of the limit

S
() _ . dF;
L= im ey

(3.11)

Obviously, this limit is meaningful only if d > degenerates not to a curve, but to a point. Hence,

) )

we refer to Ti(n as the Cauchy traction at this point. Normally, Ti(n depends on the orientation
of the subsurface, which is indicated by the superscript. Incidentally, a continuous distribution
of forces acting across a surface is in general equivalent to a surface force and a surface couple.
Since it can be shown that, at the limit d?r — 0, the couple per spatial unit area vanishes, this
complication has been excluded from the preceding argument.

An elementary consequence of (3.11) and the strong axiom of action and reaction is
7™ = 7, (3.12)

This means that the force exerted across d?r by the subbody outside of R on the subbody
inside of it is equal in magnitude, but opposite in direction to the force exerted across d >r by
the subbody inside of R on the subbody outside of it.

As shown in Sec. 3.4, the Cauchy tractions with respect to planes normal to Cartesian

coordinate axes are particularly useful. Henceforth, we use the notation Ti(j ) to denote the
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Figure 3.4: Traction components, T;U ), acting on particles centred on orthogonal faces on the

subbody currently inside of some cube.

Cauchy traction acting across a plane normal to the r; coordinate. Figure 3.4 displays the
Cartesian components of three such tractions, Tl-(l), TZ-(2) and Ti(3), acting on particles assumed
to be centred on orthogonal faces of a cube. The figure also serves to illustrate the sign convention
adopted. According to it, Tl-(j )i positive if the ith component of the Cauchy traction exerted on
the subbody inside of the cube across the face whose outward normal points in the r; direction
has the direction shown.

If the spatial differential lengths, dry, dre and drs, of the cube approach zero, the points
of action of the three Cauchy tractions converge. However, since they continue to act across
three mutually orthogonal planes, they generally remain different at this limit. This agrees with
the Cauchy traction principle and confirms that the state of traction at a given point cannot be
described by a vector.

On account of (3.12), it follows that, if the cube is infinitesimal, the ith component of the
Cauchy tractions acting on the subbody inside of the cube across the face with the outward
normal in the r; direction is equal and opposite to the ith component acting across the opposite
face. Therefore, the three normal components are temsile tractions if positive or compressive
tractions if negative. The six tangential components are not distinguished according to their

signs and are collectively referred to as shear tractions.
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T1

Figure 3.5: Differential volume and surface forces currently acting upon the subbody inside of

some tetrahedron.

3.4 Cauchy stress

3.4.1 Definition

Figure 3.5 shows a tetrahedron with the spatial differential volume d3r currently occupied by
a subbody. Using the Eulerian representation of the equation of motion (Sec. 4.5.1), the time
rate of increase of the differential linear momentum of the subbody currently occupying the

tetrahedron equals the differential force currently acting upon it:

dv* n)* * *
pr = dPr = prGdir + T P - 1 a1

d%ry — TV d%rs, (3.13)
where the asterisk indicates the appropriate spatial mean. In this equation, P*G} d3r is the

differential volume force, Ti(n)*d2

_T(k)*d2

i

r the differential surface force across the oblique face and
r; the differential surface force across the face whose outward normal points opposite
to the 7y, direction. In view of (2.30) and d3r = %hd%, where h is the altitude of the oblique

face with respect to the origin, o, equation (3.13) reduces to

1 fav N ) * *
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Next, we let A — 0 without changing the orientation of h or the position of 0. Then,
(3.14) becomes
Tz‘(n) _ Ti(l)nlldr + TZ'(Q)TL21‘+ + Ti(3)n§'+’ (3.15)

where all tractions now apply to the origin, o, as indicated by dropping the asterisks. This
equation allows us to determine the Cauchy traction at a given point acting across an arbitrarily
inclined plane provided that the Cauchy tractions acting across three mutually orthogonal planes

through this point are known. If we define
T, =T (3.16)
and apply the summation convention, (3.15) is transformed into the Cauchy stress formula:

7™ = Tyn ! (3.17)

(2

Accordingly, the nine components of Ti(j ) form the components of a second-rank tensor, T};,
which is called the Cauchy stress. In other words, T;; represents a linear vector function which
maps an arbitrary spatial unit vector, ni”, onto the Cauchy traction, Ti(n)7 acting across the

surface whose outward spatial unit vector normal to it is nir+.

3.4.2 Symmetry

It is sometimes convenient to arrange the components of the Cauchy stress as the elements of a

matrix:
Ty Ty Tig
[Tl = | Toy Toy Tos | (3.18)
Ty T30 Tss

where the first subscript indicates the traction component and the second identifies the normal
to the plane considered. If the Cauchy stress tensor is symmetric, T;; = Tj;, i.e. the pairs of

elements placed symmetrically with respect to the main diagonal of the matrix are equal:
Toy =Tia, T3 =T, Ts="Ths. (3.19)

Here, the symmetry of the stress tensor is established only for the special case of equilibrium,
absence of volume forces and homogeneous stress distribution. A proof on more general assump-
tions will be given below (Sec. 4.6).

To prove the first relation of (3.19), we consider the differential surface-torque component in
the r3 direction acting upon the subbody currently occupying a cube with the spatial differential
lengths drq, dry and drs (Fig. 3.4). Because of the assumed homogeneity of the stress field, the

differential surface-force components normal to the r3 direction become

Ty dradrs, Tadrodrs  (face with outward normal in 71 direction),
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Tiodrydrs, Taadridrs (face with outward normal in 79 direction),
Ti3drydre, Th3dridre (face with outward normal in r3 direction)

and act at the centres of the respective faces. With 171 dro drsg and Tyo dr1 drg balanced by equal,
opposite and collinear forces acting across the opposite faces, torques due to the normal forces
cannot arise. Similarly, the torques due to T4y3dry dre and Tbs dry dry are balanced by those
due to equal and opposite forces acting across the opposite faces with the same moment arms,
dre/2 and dry/2, respectively. The differential surface-torque component in the rs direction is
thus given by dry (T dry drs) — dro(Th2 dry drs). However, since equilibrium applies and volume
forces are absent, this component vanishes, leaving 115 = T5;. The second and third relations
of (3.19) can be proved in a similar way by considering the components of the surface-torque
balance in the ro and r; directions, respectively. On the restrictive conditions stated above, we
have therefore established

T; =Tj (3.20)

3.5 Non-Cauchy stresses

Any surface forces acting in the body are in general associated with deformation. When intro-
ducing the concept of traction, it is thus natural to normalize the forces acting in the deformed
state across some spatial surface with respect to the unit area of this surface. This view has led
to the definition of the Cauchy stress, which is normally given in the Eulerian representation
(Sec. 3.3). If an undeformed state of the body can be distinguished, the use of the Lagrangian
representation with this state serving as the initial state is more natural (Sec. 2.2). This allows

three other types of stress to be introduced (Fig. 3.6).

3.5.1 Piola stress

We consider the subbody occupying the volumes X’ and R in the undeformed initial state and
the deformed current state, respectively. In view of (2.30), (3.3) and (3.17), the differential
surface force, dFiS, currently acting across some spatial differential area, d?r;, on this subbody
is expressible as follows:

dFS = Ty d*r;. (3.21)
Using (2.48), dF;° = df° and Ti; = tij, this equation can be rewritten as
df = j%ry Sty d* Xy (3.22)

If we define the Piola stress by
th =35 itk (3.23)
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ox

Figure 3.6: Differential areas and differential tractions related to the Cauchy, T};, Piola, ti?,

Finger, TZJF, and Kirchhoff, t};, stresses.

equation (3.22) can be recast into

afS =t} d*X;. (3.24)

Comparing (3.21) and (3.24) shows that, in contrast to the Cauchy stress, ¢;;, the Piola stress,

p
tz.],

material differential area, d?X;. Inspection of (3.23) shows that, in general, tg is not symmetric.

is obtained by normalizing the currently acting differential surface force, dfis, in terms of the

The inverse relationship corresponding to (3.23) is found to be

Ty = J X, Ty (3.25)

3.5.2 Finger stress

For the definition of the Finger stress, Ti?, we consider instead of the actual differential surface
force, dFZ-S, currently acting across the spatial differential area, d?r;, the fictitious differential
surface force, dﬁ’is, obtained from dFiS in the same way that the material differential length,

dX;, is related the spatial differential length, dr;. In view of (2.36), we thus define

dES == X; ;dF), (3.26)
which, using (3.21), becomes
dES == Xi,jTjk d2’l“k. (327)
If we introduce the Finger stress by
T3 = X, xTij, (3.28)

37



equation (3.27) can be rewritten as
dF® =TF d*r;. (3.29)

Equation (3.28) shows that Tif is usually not symmetric. The inverse relation associated with
(3.28) is found to be
Tij = X, Tiij. (3.30)

3.5.3 Kirchhoff stress

The Kirchhoff stress, tzj , is related to the Piola stress, tzj, by considering instead of the actual

differential surface force, dfl- , the fictitious differential surface force, d fiS. Using (2.22) and
(3.26), we obtain

afs =r;}dfp (3.31)
or, with (3.24), the equation
afs =r; 1t) d*X,. (3.32)
If we define the Kirchhoff stress by
ti =i i (3.33)
equation (3.32) can be rewritten as
aff =tk d*x;. (3.34)

Substitution of (3.23) into (3.33) alternatively yields
tilj =] TZ k 7, ltkl, (3.35)

whose inverse relation is

Ty = J "X, ) X; [Ty (3.36)

Inspection of (3.35) shows that tilj is symmetric provided that ¢;; is also symmetric.

3.6 Special measures of stress

3.6.1 Principal stresses

At any point, the Cauchy stress tensor, T;;, assigns to an arbitrarily directed spatial unit vector,
nirJr, the Cauchy traction, T;, acting across the plane whose outward spatial unit vector normal
to it is nirJr. As in Sec. 2.7 for the strain, we are interested in the principal directions, for which
the two vectors are collinear. Since, in general, these directions depend on r, we consider n} as

a field in the Eulerian representation and write

T, = An}. (3.37)

7
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Since, according to (3.17),
Ti = Tijnjr, (338)

we obtain from (3.37) and (3.38) the linear expression

(Tz — A(Sij)n; = 0. (3.39)

Necessary and sufficient for non-trivial solutions to this equation is that the coefficient determi-
nant vanishes:

det (TU - )\(5”) =0. (3.40)

Expansion of the determinant yields a cubic polynomial in A:

A3 —BWA2 4+ B@IX - BB =, (3.41)
with
BW = Ty, (3.42)
B® = §(T;Ty; — TyTy), (3.43)
B® .= det T} (3.44)

as the first, second and third invariants of the stress tensor, respectively. Assuming that T7; is
symmetric and real, it can be shown that the three roots of (3.41) are also real. They constitute

the principal values of Tj;, in the following denoted by TW, 7@ and T®). For each T", the

associated principal direction, nir(k), is found by solving
subject to the condition nl-r(k)nir(k) =1. I TW, 7@ and TG are distinct, three uniquely

determined orthogonal directions, nl-r(l), n'® and nir(3), result. If, for example, TW) = 72 and

ey 2)

T £ T7G) only nir(B) is uniquely determined, whereas nl-r and nir

®3)

are any two directions
in the plane normal to nir . Then, there is no shear-stress component in this plane and the
state of stress is called cylindrical. If T = T2 = TG) any three directions identify principal
directions. As a consequence, there is no shear-stress component in any plane and the state of

stress is called spherical. Since this is the only state of stress in a fluid at rest (Sec. 5.3.1), this

state is also called hydrostatic.
(1 r(2)

,'I’Li

In any case, three mutually orthogonal principal directions, nir and nir(?’), exist
and may serve as the basis of a new Cartesian coordinate system. If referred to it, the stress

matrix is diagonal:

Tyl=10 T® o : (3.46)



Hence, all shear-stress components vanish when the stress tensor is referred to the principal

coordinate system.

We note in conclusion that, since the condition for 7, T2 and T®) to be real requires

T;j to be symmetric and real, our discussion of principal stresses also applies to the Kirchhoff

stress, tf;

3.6.2 Spherical and deviatoric stresses

We decompose Tj;; into two tensors as follows:

Tij = 5Texdis + Thyj).

The first term on the right-hand side is referred to as the spherical part of T};:

However, normally, the mechanical pressure defined by

(3.47)

(3.48)

(3.49)

is used. Obviously, it is the negative of the mean of the normal components of T’;;. The second

term, T7;;), is called the deviatoric part of T(;;). Further below, it will be shown that, if the body

is isotropic, a spherical state of stress produces dilatation, whereas a deviatoric state of stress

is associated with distortion (Secs. 5.2.5, 5.3.3 and 5.4.3).
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4 Dynamical principles

4.1 Introduction

With the general concepts of deformation (Chap. 2) and stress (Chap. 3) available, this chapter
is concerned with the dynamical principles governing the relationship between these concepts.
After presenting the generalized Gauss theorem (Sec. 4.2) and the Reynolds transport theorem
(Sec. 4.3), we will state the continuity equation (Sec. 4.4) and the equation of motion (Sec. 4.5).
We will then briefly return to the properties of the Cauchy stress tensor and use the angular-
momentum principle to establish its symmetry on more general assumptions than considered
above (Sec. 4.6). After this, we will use the first law of thermodynamics to formulate the energy
equation (Sec. 4.7) and the second law of thermodynamics to formulate the entropy inequal-
ity (Sec. 4.8). This will be followed by an investigation of reversible adiabatic and isothermal
deformations (Sec. 4.9) and by a study of the dissipation function (Sec. 4.10). Finally, we will
deduce from the integral forms of the general principles of continuum mechanics the interface
conditions governing the relevant fields near possible discontinuity surfaces of the material pa-
rameters (Sec. 4.11). We continue to suppose the absence of distributed volume and surface
couples and, in addition, of distributed spin angular momentum, which are sufficient conditions

for establishing the symmetry of the Cauchy stress tensor.

4.2 Generalized Gauss theorem

In the following sections, the Eulerian and Lagrangian representations of the continuity equation,
the equation of motion and the energy equation will, in the first instance, be given in their integral
forms. From these, the respective differential forms will then be derived. This requires the use of

the generalized Gauss theorem, whose Eulerian and Langrangian representations are given here.

4.2.1 Eulerian representation

For a continuously differentiable field, Fj; . applying to some property taken per spatial unit

area, the generalized Gauss theorem has the form

/ Fz‘j...kdzricZ/ Eyj prd®r, (4.1)
OR R

where OR is the spatial boundary of R and d?r; points outward.
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4.2.2 Lagrangian representation

To obtain the Lagrangian representation of the generalized Gauss theorem, we consider (2.14),

(2.48) and (2.49) and rewrite (4.1) as
X —1 2 X -1 3
/axj g fij kd” X :/XJ Tigfijo ki d°X, (4.2)

with OX the material boundary of X and d2X; pointing outward. Next, we introduce the tensor

field of arbitrary rank, fzf, applying to the same property per material unit area (Piola field):

P X, —1
Gl =T Jijeke (4.3)

If we take the derivative, we obtain

fz’?..l,l =(j Xrljiifij...k),l- (4.4)
The right-hand side of this equation can be simplified by means of (2.23), giving

P - X, —1
ot =T figew g (4.5)

Comparing (4.2), (4.3) and (4.5) gives
fiy wd®Xp = / [ erd®X, (4.6)

ox X
which is the Lagrangian representation of the generalized Gauss theorem. Note that, implicitly,

we have also established the following relations:

/Fij...deTk:/ fi?“kd2Xk, (4.7)
OR oxX

/Fij---k,kdsrz/ fi?...k,kdsXa (4.8)
R X

where, in (4.7), the surfaces are not necessarily closed.

4.3 Reynolds transport theorem

The physical properties of a body may refer to its particles or to its subbodies. Examples of the
second case are the integrals of distributions of volume and surface forces acting upon subbodies
(Sec. 3.2). As for particles, we call the time rate of increase of the integral of any physical
property with respect to some subbody the material time derivative of this integral. This is to
be distinguished from the time rate of increase of the integral of this property with respect to a
given spatial domain, which is the spatial time derivative of this integral. Henceforth, we will

use the following abbreviations for the material and spatial time derivatives, respectively:

d D

dy = — :
t dta t

=5 (4.9)
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To find the relationship between the derivatives, we consider the subbody currently oc-
cupying some spatial volume, R, and denote by Fj; = an arbitrary tensor field per spatial unit
volume. Considering the integral, F;; ., of Fj;  over R defined by (2.34), its material time

derivative has the form
WFy.. = di [ Fy. d
= /R(thz‘j... + Fyj.. dy)dr. (4.10)
In view of (2.81), this equation becomes
GFy.. = [ @B+ Fy Vi) dP. (4.11)
Using (2.60), we furthermore obtain
Ao ;. /DtF dr—i—/ Vi) e dor, (4.12)
which, by (4.1), can be recast into
diFij.. / DiFj... d3r —|—/ F;.. Vi d?ry. (4.13)

This equation states that the time rate of increase of the intergral of a field carried by the
subbody currently occupying some spatial volume, R, equals the integral of the time rate of
increase of this field inside of R plus its outward flux through its spatial boundary, 9R. This

relationship is known as Reynolds transport theorem.

4.4 Continuity equation

4.4.1 Eulerian representation

The continuity equation is the form of the mass-conservation principle suitable to continuum
mechanics. To derive its Eulerian representation, we consider the subbody currently occupying

some spatial volume, R. The mass carried by it equals the mass, M, currently contained in R:
M= / pdr. (4.14)
R
If no mass is created or destroyed, the mass carried by the subbody does not change:
dtM = 0. (4.15)
Comparing (4.12), (4.14) and (4.15), we thus obtain
/R[Dtp +(PVi).] d3r = 0. (4.16)
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Since R is arbitrary, it follows that
D+ (PV),i =0, (4.17)
which is the continuity equation. A different form is obtained by rewriting it as
D+ P Vi + PVii =0, (4.18)
which, in view of (2.60), is equivalent to
di0+ PVii = 0. (4.19)

If the body is incompressible, it is necessary that the volume-mass density in the neigh-

bourhood of individual particles does not change:
diP = 0. (4.20)

Then, (4.19) reduces to
Vii=0, (4.21)

)

which is the incompressibility condition.
Equation (4.17) can be used to derive an alternative form of the Reynolds transport the-

orem. For this purpose, we assume
-7:ij...:/ PGij...d°r, (4.22)
R
where Gi;. . is the field Fj; . per unit mass. With this equation, (4.12) becomes
d / Gij... d3r = / Di(PGy;... d3r+/ Gii. Vi) pd®r
¢ Rp j - t(0Gij...) R(P 7. Vi) k
= /Rp(DtGij...+VkGij...,k)dsr+/RGij...[Dtp+(,OVk),k]ds""- (4.23)

Considering (2.60) and (4.| 7), we finally get
d / ﬂGz“___ d°r = / 0d:G;i. d3r. 4.24
‘ R J R £ ( )

4.4.2 Lagrangian representation

For specifying the continuity equation in the Lagrangian representation, we consider the subbody
which, at the initial and current time epochs, occupies the spatial volumes R (¢t = 0) and R(t),

respectively. Conservation of mass requires

(0) (73,)0) — 3, .
pP(der) /R pdr, (4.25)

R(0)
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where the abbreviations FZ(]O) = Fj; (t = 0) and fZ(JO) = fij..(t = 0) for the initial parts

of F;;. . and f;j ., respectively, have been used. In view of (2.49), the associated Lagrangian

representation takes the form

/jX<0>p<0>d3X:/jXpd3X. (4.26)
X X

Since r\¥) = X;, it follows that, rl(?j) = 6;;. Hence, by (2.4), (%)) =1 and (4.26) reduces to

i

/ (PO —iXpydix =o. (4.27)
X
With X arbitrary, it follows that

i*p=p", (4.28)
which is equivalent to

di(j%p) = 0. (4.29)

Using (2.49) and d3X = (d3r)(©), we obtain j X = d3r/(d%r)©) and (4.28) can be rewritten as
pd3r = p® (@3r)©), (4.30)

from which we get

di(pd>r) = 0. (4.31)

Equations (4.28)—(4.31) constitute alternative expressions of the continuity equation in the La-
grangian representation.
If the body is incompressible, it is necessary that the volume-mass density in the neigh-

bourhood of individual particles does not change:
p=p0. (4.32)

Then, (4.28) reduces to
§X =1, (4.33)

which is the incompressibility condition. If, in addition, the strain is infinitesimal, the expansion

of jX :=detr; j, with r; j = 0;j + u; j according to (2.6), takes the form
i* =14 (4.34)
Comparing (4.33) and (4.34), we obtain
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4.5 Equation of motion

4.5.1 Eulerian representation

We assume internal forces that are equal and opposite (weak axiom of action and reaction) and
consider the subbody currently occupying some spatial volume, R, with the spatial boundary
OR. The time rate of increase of the integral linear momentum, P;, of the subbody equals the
integral force, F, acting upon it:

d;P; = F;. (4.36)

With (3.5), (3.17) and
dyP; := dy / Jl R (4.37)
R

we obtain
dt/ pPVidPr = / PG d’r +/ T, d*r
R R R
= Gid3r+/ Tijd>r;. 4.38
Jopouatrs | B (439
Considering (4.1) and (4.24), this equation becomes
/ (Tij j + PGi — PdiVi) d*r = 0. (4.39)
R
Since R is arbitrary, it follows that
Tijj + PGi = PdiVi, (4.40)

which is also referred to as the Cauchy equation of motion.

In the case of static equilibrium, d;V; = 0 and (4.40) reduces to
T, + pGZ =0, (4.41)

which is the equilibrium equation. Obviously, the three components of (4.41) are insufficient to
determine the six independent components of T}; even if the three components of G; are known.
Hence, the problem of determining a static distribution of stress cannot be solved without
consideration of the corresponding distribution of strain. The equations to be included take the

form of stress-strain relations, which are also known as constitutive equations (Chap. 5).

4.5.2 Lagrangian representation

We consider (2.49), (4.8) and (4.28) in (4.39) and obtain

/ (til;,j +p0g; — pO dpvy) d3X =0 (4.42)
X
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or, with v; := dyu; and X arbitrary,
thi+p9g =p dp. (4.43)

This is the Lagrangian representation of the equation of motion in terms of the Piola stress,

tP

j;» and the initial volume-mass density, p©. Note that it formally agrees with the Eulerian

representation of the equation of motion, (4.40), in terms of the Cauchy stress, T}, and the

current volume-mass density, 0.

4.6 Symmetry of Cauchy stress tensor

So far, the symmetry of the Cauchy stress tensor has been proved only for the restrictive case of
equilibrium, absence of volume forces and homogeneous stress distribution (Sec. 3.5). We now
remove these constraints and prove the symmetry of the Cauchy stress tensor on more general
assumptions.

For this purpose, we assume internal forces that are equal, opposite and collinear (strong
axiom of action and reaction) and consider the subbody currently occupying some spatial volume,
R, with the spatial boundary 9R. The time rate of increase of its integral angular momentum

equals the integral torque associated with the volume and surface forces acting upon it:
dt/R €ijkTi PV d3r = /R €ijk7Ti PGk d3r + /BR €T Th d>r. (4.44)
Using (2.20), (3.17), (4.1), (4.24), v; := dyr; and V; = v;, this equation becomes
/73 €ijk(ViVio + 1 diVi) P dr = /R €ijk[ri(PGr + Trt) + 6T d°r, (4.45)
which, by (4.40) and €;;V;Vj, = 0, reduces to
/R €iji T d°r =0 (4.46)

or, since R is arbitrary, to

eijka:j =0. (447)

With T;; # 0 in general and €3, skew-symmetric with respect to any pair of indices, this equation
is satisfied only if
T = Ty (4.48)

This proves the symmetry of Tj; also for the case of disequilibrium, presence of volume forces and
inhomogeneous stress distribution. The symmetry properties of the Piola, Finger and Kirchhoff

stress tensors have been considered above (Sec. 3.5).
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4.7 Energy equation

The energy equation to be derived in this section is a consequence of the equation of motion
and the first law of thermodynamics. As an additional field, the energy equation involves the
internal energy, which, in classical thermodynamics, is a state function and related to the other
thermal state functions by the caloric state equation. We here assume that the changes of state
are thermomechanical, i.e. only due to work or heat. Since work and heat are not state functions,
their time derivatives for given changes of state are not uniquely determined. For clarity, we use

d¢ for the material time-derivative operator applied to work or heat.

4.7.1 Eulerian representation

We begin by considering the time rate at which work is performed on the subbody currently
occupying some spatial volume, R, with the spatial boundary OR. We call this the integral
work-input rate and denote it by 6,£W. Obviously, ;€W must equal the time rates at which

the integral volume and surface forces perform work on the subbody currently inside of R:
sEW = / PGV d3r + / T;V; d*r. (4.49)
R OR
Using (3.17) and (4.1), we can alternatively write
8EW = [ 1(PG: + Ty Vit TyVi ). (4.50)
R
In view of (4.40), this equation is equivalent to
5EW = / (PVidiVi + T3V ) dor, (451)
R
which, using (4.24) and V; d;V; = %dt(ViVi), can be recast into
5EW = dt/ LpViVid3r +/ T;;Vijdr. (4.52)
R R
In view of (2.112)—(2.114) and the symmetry of T;;, we finally obtain
5EVW = dt/ LPViVid3r +/ T;;Dy; d°r, (4.53)
R R

where D;; the symmetric part of V; ; defined by (2.113). The first term on the right-hand side
is recognized as the material time derivative of the integral kinetic energy. The second term is
the integral stress power contributing to the integral work-input rate.

Since we are concerned with thermomechanical changes of state, the integral heat-input
rate, 6;£ ?, must be added to the integral work-input rate, 6,£ V. With C' the heat-production

rate per unit mass and @; the heat flux per spatial unit area (heat-flux density), we thus get
5EQ = / 0C d3r — / Q; d?r, (4.54)
R OR
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which, by (4.1), can be recast into
5EQ = /R (PC — Qi) d*r. (4.55)
The first law of thermodynamics states that a state function, &, exists, so that
di& = 6V + 6,62 (4.56)

The quantity £ is called the total energy and characterizes the thermomechanical state of the
subbody considered. Alternatively, £ can be decomposed into the integral kinetic energy, & K,

and the integral internal energy, £ Y:
E=EK4 ¢V, (4.57)

Bearing in mind that % PViV; is the kinetic energy per spatial unit volume and U the internal

energy per unit mass and taking the material time derivative, it follows that
A = dt/ Lpvv; d3r+dt/ pU d°r. (4.58)
R R

Equating (4.56) and (4.58) and considering (4.53) and (4.55) gives

dt/ pU d*r :/ T,,Di; d*r +/ (OC — Qi) d*r. (4.59)
R R R
By (4.24), this equation reduces to
[ (pa ~ D5~ PO+ Qi) d¥r = 0 (4.60)
R
or, since R is arbitrary, to
TijDij + pC — Qi,i = pdtU, (461)

which is the energy equation for thermomechanical changes of state of the body in the Eulerian

representation.

4.7.2 Lagrangian representation

To state the energy equation in the Lagrangian representation, we start from (4.60). We also

use (2.19), (2.22), (3.36) and the symmetry of the Kirchhoff stress, giving
Tij = (5%) triars wths. (4.62)
Furthermore, we take the material time derivative of (2.105) and consider v; := d;r;, giving
dtei(;’ = %(vk,irk,j + Uk ki) (4.63)
In view of (2.14), we can rewrite (2.113) in the form
Dij = 5(0i 1 Xp,j + 0j 1 Xp,2), (4.64)

49



which, using (2.21), can be rewritten as
dte,S =71i175.5Dij. (4.65)
Considering also (4.8) and (4.28), the Lagrangian representation of (4.60) is found to be
/X(p(O) dyu — tf; dteg’ —pOc + qfi) d*X =0, (4.66)

where ¢ is the heat flux per material unit area (Piola heat-flux density). Since & is arbitrary,
we also have
tl dief) + pOc— gl = p dyu, (4.67)

2,0

which is the energy equation for thermomechanical changes of state of the body in the La-
grangian representation. We note that the equation formally agrees with (4.61), i.e. its Eulerian

representation.

4.8 Entropy inequality

The first law of thermodynamics states the mutual convertibility of heat and work, but imposes
no restrictions on the direction and extent of the conversion. This restriction is provided by the
second law of thermodynamics. Its quantitative form is based on the existence of two further

state functions, i.e. the entropy and the thermodynamic temperature.

4.8.1 Eulerian representation

We continue to consider the subbody currently occupying some spatial volume, R, with the

spatial boundary JR. The integral entropy-input rate, G, into this subbody is given by

- 3, 20
g._/Rde r /BRH,d ri, (4.68)

where B is the entropy-production rate per unit mass and H; the entropy flux per spatial unit

area (entropy-flux density). Furthermore, we introduce the integral entropy-increase rate, S, by

S:=d, / 08 dr, (4.69)
R
where S is the entropy per unit mass. The second law of thermodynamics maintains that
S>4G. (4.70)

Thus,
d/ Sd?’rz/ Bd3r—/ H;d*r;, 4.71
! Rp Rp OR ( )
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which, using (4.1) and (4.24), becomes

/ (PdeS — PB+ H;;)d*r > 0. (4.72)
R
Since R is arbitrary, it follows that
H. .
B — =2 < d;S. (4.73)
P
Assuming that the changes of state are thermomechanical, B and H can be written as
C Qi
= Hi=g (4.74)
where © > 0 is the thermodynamic temperature. Using these eqations, (4.73) takes the form
C 1 /Q;
——— =) <dS 4.75
e p ( e ) - )
or, equivalently,
C Qi Q9
- — = = < diS. 4.76
o peo  per =" (4.76)

The last two relations are forms of the Clausius-Duhem inequality and must be satisfied by any
thermomechanical change of state. They express that the rate of increase of entropy is never
less than the rate of increase of this quantity due to heat input alone. Changes during which
the body remains asymptotically in equilibrium are called reversible or conservative and the
equality applies. However, real changes always imply disequilibrium and involve the conversion
of work into heat. Such changes are therefore called irreversible or dissipative and the inequality

is appropriate.

4.8.2 Lagrangian representation

To state the entropy inequality in the Lagrangian representation, we use (2.49), (4.8) and (4.28),

which allow us to rewrite (4.72) as
/ (0O dys — pOb+ hE) dPX > 0, (4.77)
X K

with b} the entropy flux per material unit area (Piola entropy-flux density). Since X is arbitrary,

the inequality also applies to the integrand, giving

hE.
_ it
b PO dys. (4.78)
Assuming thermomechanical changes, we have
¢ p_ 4
which makes (4.78) equivalent to the relations
c 1 qF
5 0 (j) < ds, (4-80)
P i
P P
c 4q; 4 0,
_ 2 2 <
0 205 + POrE dgs. (4.81)



4.9 Adiabatic and isothermal deformations

Of special interest are thermomechanical changes of state for which the energy equation can be
written in terms of purely mechanical quantities. These are adiabatic and isothermal deforma-

tions. We here assume that the changes are also reversible.

4.9.1 Eulerian representation

For an adiabatic deformation, we must have

C=0, Q;=0, (4.82)

so that (4.61) and (4.76) reduce to
T;jDi; = P d;U, (4.83)
diS = 0. (4.84)

The last equation shows that reversible adiabatic changes are also isentropic.
If the deformation is isothermal, we replace the internal energy per unit mass, U, by the

Helmholtz free energy per unit mass, ¥:
w:=U - S6. (4.85)
Since, for isothermal changes, it is necessary that
;=0 d6O =0, (4.86)

equations (4.61) and (4.76) take the forms

Dy + PC — Qii — PO S = P, (4.87)
C Qi
= X% 8. 4.
6~ 6 = (4.88)

Consideration of (4.88) in (4.87) finally yields
T,;Dij = P dy. (4.89)

4.9.2 Lagrangian representation

The derivations correspond to those for the Eulerian representation. Thus, for an adiabatic
deformation, we have

c=0, ¢f =0, (4.90)
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whence (4.67) and (4.80) reduce to

tg; dtei(;-’ = p\9 dyu, (4.91)
dys = 0. (4.92)

For an isothermal deformation, we use

Y i=u—sb (4.93)
and take into account that
0,=0, db=0. (4.94)
Then, (4.67) and (4.80) take the forms
thdie +pOc—qf; — p00dis = p© dyy, (4.95)
P
c Qi
Considering (4.96) in (4.95) finally gives
th die = p dyy. (4.97)

4.10 Dissipation function

In the case of irreversible processes, it may be assumed that the Cauchy stress can be decomposed
into two parts according to

T; =TS + T, (4.98)

in the Eulerian representation, where Tijc and TZ? are the conservative Cauchy stress and the

dissipative Cauchy stress, respectively. Then, (4.61) can be rewritten as
T;5 Dij + T;7 Dij + PC = Qi = P d,U. (4.99)

We now introduce the dissipation function by

D =T} Dy. (4.100)
For reversible processes, we have
D=0 (4.101)
and, according to (4.76), also
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Combination of (4.99)—(4.102) yields

QiO;

Ti§ Dij + PO d1S — =5 =

P d;U. (4.103)

Since U is a state function, (4.103) also applies to irreversible processes. The equation can

therefore be used to eliminate TijC in (4.99), giving

C D-Qii  QiO;
— : = =d,S. 4.104
o + 06 + 06? t ( )
For an adiabatic change, we must have
C=0, Q=0 (4.105)
and, according to (4.76), also
diS > 0. (4.106)

In view of 0 > 0 and © > 0, these conditions reduce (4.104) to
D >0, (4.107)

which shows that the dissipation function is non-negative. Further below, this property will be

used to impose constraints on the constitutive equation of Newtonian—viscous fluids (Sec. 5.3.6).

4.11 Interface conditions

When deriving the differential forms of the general principles of continuum mechanics from the
respective integral forms in the preceding sections, the use of the generalized Gauss theorem has
been essential. The main assumption for its validity is that the fields involved are continuously
differentiable.

However, of interest are also cases in which this assumption is violated at particular inter-
faces within the body. Common examples are jump discontinuities of the material properties or
infinitesimally thin sheets of mass. In these situations, the generalized Gauss theorem may still
be applied in the domains adjacent to the interface, but the fields must connected via interface
conditions across the discontinuity.

In the following, the stress interface condition will be derived in the Eulerian and La-

grangian representations.

4.11.1 Eulerian representation

To formulate the interface condition concisely, we consider internal and external spatial volumes,

RM and R, respectively, currently separated by a smooth spatial interface, R, and locally
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assign to it the outward spatial unit vector, nirJr, normal to it and directed into R(?) (Fig. 4.1a).
Wherever necessary, we distinguish by F i and F;]r an arbitrary tensor field in R and R,
respectively. Furthemore, we define the internal limit, the external limit and the jump of F;. |

respectively, by

[Fij. )7 = lim Fj (r—en™), (4.108)
[Fy.]" = Jim Fj (r+en™), (4.109)
[Fi. )t = [Fy )" = [Fi. ], (4.110)

where r € R and € > 0 have been assumed. The field may be continued onto the inter-

face using
+ _
Fi o= 5{[Fy ) +[F ) (4.111)
To ensure coupling of the body on the interface, we require that the subbody is welded across

it, i.e. neither slip nor cavitation is allowed. In the Eulerian representation, this can formally

be expressed by the velocity interface condition:

Vit =o0. (4.112)

If the body is currently confined to R(), then 9R(M) is its spatial boundary and we may assume
that [V;]~ is prescribed. Then, (4.112) reduces to the velocity boundary condition:

Vi~ =Ci. (4.113)

To derive the stress interface condition, we recall (4.38):

d V;d3 :/ G, d? / T d’r;. 4.114
t/R(l)UR@)p @ R<1>UR<2>p iaor R " ( )

Considering (4.24) as well as a thin disk with the current volume V), the current area .4 and the

current thickness h straddling 9R (1) (Fig. 4.1a), this equation can be rewritten as
/Vpdtv;- d?rdh’ = /VpGi d?r dh’ + /A(Tg —T;;)nf* d*r + O(h), (4.115)

where R’ is the coordinate normal to 9R™M) and O(h) is the contribution to the surface integral
from the mantle of the disk. We now choose a coordinate origin of A’ on R and allow an

infinitesimally thin sheet of mass on it. Then, 0 is given by
p=p + X, (4.116)

where (' is the possibly discontinuous volume-mass density, & the mass per spatial unit area

(interface-mass density) and ¢ the Dirac delta function. With this equation, (4.115) reduces to

/])p’dtwdQTdh’+A2dtmd2r:/Vp’Gl-d%dh’Jr/AZGid2r+/A(Tg—Tij)njr+d2r+0(h).
(4.117)
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Figure 4.1: Thin disk of thickness h straddling an interface of the body (a) in the current state
and (b) in the initial state. The symbols are explained in the text.

If h — 0 such that the disk continues to straddle 9R™), we obtain
[ A2 @Vi= GF) ~ (1) ny ya?r =0, (4.118)
where (4.108)—(4.112) have been used. Since A is arbitrary, the integrand must vanish:
[T1Enlt = 2(dVi — GF), (4.119)
which is the stress interface condition. If the body is currently confined to R, aR(M is its

spatial boundary and [T3;]* nerr = 0, so that (4.119) reduces to the stress boundary condition:

T3] nft = =2(dV; — G;). (4.120)

4.11.2 Lagrangian representation

To formulate interface conditions in the Lagrangian representation, we consider internal and

external material volumes, X1 and X respectively, separated by a smooth material interface,
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29X and locally assign to it the outward material unit vector, N iX+, normal to it and directed
into X (Fig. 4.1b). Wherever necessary, we distinguish by fZ; and f;; an arbitrary tensor
field in XM and X®@, respectively. Assuming X € XM and € > 0, we define

[fij. 7= Jim fj (X = eNZ), (4.121)
[fij. 7= dim f5 (X4 eNH), (4.122)
[fig. ] = ) = iz ] (4.123)

Similar to the Eulerian representation, we may continue the field onto the material interface using

fi = sllfu ]+ i (4.124)

The assumption that the subbody is welded across the material interface is expressed by the

position interface condition:

[ri]Z = 0. (4.125)

If 90X is a material boundary, we may assume that [r;]~ is prescribed. Then, (4.125) reduces

to the position boundary condition

[ri]” = d;. (4.126)

To obtain the stress interface condition, we reconsider (4.118). In view of (2.48), v; := dyr;,

d?r} :=n!td% and ¥; := Zn't, it can be rewritten as

/A(o) R {oj(diri — g%) = [ty t1d2 X, =0, (4.127)

where A is the initial area of the thin disk (Fig. 4.1b) and (4.121)(4.124) have been implied.
Using (4.3), equation (4.127) simplifies to
Prj2,... + P+ 2yv+

A(O){Uj (diri —g;7) — [t]7}d X7 =0 (4.128)
or, with 0¥ := P Nt and d2X = NXTd2X;, to

{oF(dfri —g;) — [t]T NS T1d*X =0, (4.129)
A0)
where o F is the mass per material unit area (Piola interface-mass density).

Since AW is arbitrary, we finally obtain

(L5 N = o P(dPr; — ") (4.130)

as the stress interface condition. With dX() a material boundary, we have [t};]*NjXJr = 0.
Then, (4.130) reduces to the stress boundary condition:

[t};]_ NjXJr = —oP(dfr; — gii). (4.131)
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5 Constitutive equations

5.1 Introduction

In the preceding chapters, we have been concerned with the development of the kinematic
concepts of deformation and flow (Chap. 2), the mechanical concept of stress (Chap. 3) and
the continuum forms of the principles of dynamics and thermodynamics (Chap. 4). A common
feature of these concepts and principles is that they apply to arbitrary continuous bodies.

In the present chapter, we are concerned with the response of particular continuous bod-
ies to applied forces. Since this response is a consequence of the internal constitution of the
real material considered, the governing relations are called constitutive equations. We will be-
gin with the constitutive equations for two simple cases: elastic solids (Sec. 5.2) and viscous
fluids (Sec. 5.3). Since real materials respond in highly complex ways when the full ranges
of applied force and temperature are taken into account, the elastic and viscous constitutive
equations can only be approximately satisfied by particular materials for limited ranges of force
and temperature. Some of these restrictions will be removed when studying wviscoelastic bodies
(Sec. 5.4).

Since the unstressed state serves as a natural initial state for elastic solids, we employ for
them the Lagrangian representation. On the other hand, particles usually cannot be traced in
viscous fluids, which suggests for their description the Eulerian representation. When studying
viscoelasticity, we restrict our analysis to perturbations of an initially unstressed state, whence

the Lagrangian representation is used.

5.2 Elastic solids

A continuous body is a Hookean elastic solid if each of the components of the stress acting upon
any of its particles at the current time epoch is a homogeneous linear function of the components
of the strain experienced by that particle simultaneously. Direct consequences of this definition
are that an elastic solid does not show creep at constant stress or stress relaxation at constant
strain. The constitutive equation expressing this behaviour, here called the generalized Hooke
law, can be written as

t}j = mz’jklelg7 (5.1)
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where mj;; is the elasticity tensor. This tensor equation represents nine scalar equations involv-
ing the 9 X 9 = 81 components of m;;;; as coefficients. The number of independent components
can be successively reduced if particular assumptions on the stress, the strain and the energy

equation are exploited.

5.2.1 Symmetry of stress

With t}; symmetric (Sec. 3.7), we have t}; = t}g and, in view of (5.1), also

(mijri — mjirt)er; = 0. (5.2)

Since 65’ is arbitrary, it is necessary that

Mkl = Myjikl- (5-3)

Hence, m;ji; is symmetric with respect to 7 and j and the number of independent components

of myji; is reduced to 6 x 9 = 54.

5.2.2 Symmetry of strain
To reduce the number of independent components further, we decompose m;jx; into its symmetric
and skew-symmetric parts with respect to k& and [:

mijre = 5 (Mgt + mijik) — 3(Majer — mijik)- (5.4)

Since 65’ is symmetric per definitionem (Sec. 2.5.2), 65’ = eﬁ and it follows that

(mijr — mijig)er; = 0. (5.5)

Combining (5.1), (5.4) and (5.5), we notice that the skew-symmetric part of m,ji; with respect
to k and [ does not contribute to tfj Without loss of generality, we may therefore replace m;;x
by its symmetric part with respect to & and /. Continuing to denote this part by m;;r, we

thus have
Mkl = Mijlk, (5.6)

which reduces the number of independent components of m;jz; to 6 x 6 = 36.

5.2.3 Perfect elasticity

We now assume that the elastic solid undergoes a reversible deformation that is either adiabatic

or isothermal. According to (4.91), the energy equation is given in the first case by
tiy diefy = p\% dyu, (5.7)
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whereas, according to (4.97), it is given in the second case by
ti e = p® di. (5.8)

If we define

pOy, adiabatic deformation
w = , (5.9)

pO4,  isothermal deformation

equations (5.7) and (5.8) can be merged into a single equation:
ti die = dyw. (5.10)

We may interpret w as the strain energy per material unit volume. Since the deformation has
been assumed to be reversible, w is conservative.

To employ (5.10) for the further reduction of the number of independent components of
myjkl, we suppose that u; ; is infinitesimal, that all components of t}; are of the same order of
magnitude and that only the lowest-order terms are retained. It then follows from the definitions
of e;;, e

g, t;; and t}; that

eg = eij, (5.11)

t;j = tij, (5.12)

which are correct to the first and zeroth order in u; ;, respectively. In view of these equations,
(5.1) and (5.10), respectively, reduce to

tij = Myjkiekl, (5.13)

dw = tij del-j. (514)

Since e;; is infinitesimal, the average stress acting along the path of some particle from its initial

position to its current position is half the current value of ¢;;. Assuming that w vanishes in the

initial state, we thus obtain from (5.14) by integration
w = %tijeij (5.15)
or, upon substitution of (5.1),
W= 3MijkiCiCh, (5.16)

which is correct to the second order in e;;. Solids for which w is given by this equation are called
perfectly elastic solids.
To reduce the number of independent elastic moduli further, we now decompose my;x; into

its symmetric and skew-symmetric parts with respect to ij and kl:
Mijin = 5 (Ml + Mki) + 5 Mgk — Mikgig)- (5.17)
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Since e;; is symmetric per definitionem (Sec. 2.4), e;; = e;; and it follows that
(ml-jkl — mklij)eijekl =0. (5.18)

Combining (5.16)-(5.18), we notice that the skew-symmetric part of m;;i; with respect to ij
and kl does not contribute to w. Then, without loss of generality, m;;;; can be replaced by its

symmetric part with respect to ij and kl. Denoting this part also by m;x;, we thus have
Mkl = Mklij, (5-19)

which represents 15 independent conditions and reduces the number of independent components

of My tO 21.

5.2.4 Isotropy

Since the 21 independent quantities characterizing a perfectly elastic solid constitute the compo-
nents of the elasticity tensor, m;;z, their values change under transformations of the coordinate
system according to the transformation formula for fourth-rank tensors. This directionality of
elastic solids is called anisotropy. The existence of particular transformations of the coordinate
system which do not change the values of these components is called aelotropy.

A simple example of aelotropy is the invariance of the components of m;ji; at a particular
point under a reflection of the coordinate system with respect to some plane through that point.
Such a plane is called a plane of elastic symmetry. Note that, in general, a plane of elastic
symmetry is not parallel to a plane of geometric symmetry of the elastic solid or a plane of
symmetry of the strain or stress field. On the other hand, a plane of crystal symmetry in a
single crystal is parallel to a plane of elastic symmetry. It can be shown that the existence of a
plane of elastic symmetry reduces the number of independent components of 151, from 21 to 13
at that point. If three orthogonal planes of elastic symmetry exist, the solid is called orthotropic
and the number of independent components of m;;; reduces to nine.

The highest symmetry is reached if myji; is invariant with respect to any orthogonal
transformation of the coordinate system. A tensor showing this type of invariance is referred to
as an isotropic tensor. Similarly, an elastic solid for which myj; is isotropic at any point is called
an isotropic elastic solid. Real materials that approximate elastic isotropy are polycrystalline
materials with randomly oriented crystal grains. Here, the effective volume (Sec. 1.2) must
contain a sufficiently large number of crystal grains in order that isotropy holds statistically.

The trivial case of an isotropic tensor is the zero tensor, 0;; ., of any rank. Clearly, all
zeroth-rank tensors (scalars) are isotropic, but there is only the trivial isotropic first-rank tensor
(vector). We note without proof that all isotropic second-rank tensors are scalar multiples of d;;,

that all isotropic third-rank tensors are scalar multiples of €;;, and that the isotropic fourth-rank
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tensor is of the form
Jijht = N0ijony + p(0indji + 60 k) + V(001 — 0udjn), (5.20)

with arbitrary scalars A, p and v.
If fijri equals myjp, it is symmetric with respect to ¢ and j, and with respect to k£ and .

For either type of symmetry, (5.20) reduces to
Mijkt = A0ijOkr + p(0ikdj; + 6idjn), (5.21)

where, now, A and p are the first and second Lamé parameters, respectively. Substituting (5.21)

into (5.1), we obtain the isotropic Hooke law:
tij = )\ekk5ij + 2H€z‘j- (522)

5.2.5 Spherical and deviatoric parts

A different form of the isotropic Hooke law employs the spherical and deviatoric parts of e;; and

tij. According to (2.132) and (3.47), we have

€ij %Bkk% + €lij]s (5.23)

tij = Stredij + tyg)- (5.24)

To obtain the spherical Hooke law, we contract (5.22):

t“‘ = 3]{6“‘, (5.25)
with the elastic bulk modulus given by
ki=X+2p. (5.26)

To relate the deviatoric parts, we combine (5.22)—(5.24):
%tkkéij + t[ij} = )\ekkéij + 2#(%61@(5@']‘ + em]) (5.27)
Using (5.25) and (5.26), this equation reduces to the deviatoric Hooke law:

whence p is also called the elastic shear modulus.
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5.2.6 Incompressibility

If the elastic solid is incompressible, the Hooke law further simplifies. To see this, we con-
sider (4.35), i.e. the Lagrangian representation of the incompressibility condition for infinitesi-
mal strain:

Ui = 0. (5.29)

)

In general, ¢; and p remain finite even if the solid is incompressible. In view of (5.25), (5.26)

and e; = u;,;, we must therefore also require
A— 00, k— o0. (5.30)

Note that, on the assumption of incompressibility, (5.25) is no longer valid, i.e. the spherical
stress is no longer related to the strain components. On the other hand, the definition of the
mechanical pressure continues to apply. Hence, using e; = 0 and t; = —3p, equations (5.23)
and (5.24), respectively, reduce to

€ij = €lij), (5.31)

tij = —pdij + Lz (5.32)
Combining (5.28), (5.31) and (5.32), we obtain
tij = —péij + 2,ueij, (5.33)

which is the incompressible Hooke law.

5.2.7 Strain energy

Finally, we derive the strain energy per material unit volume for an isotropic elastic solid. For

this purpose, we substitute (5.22) into (5.15), giving
w = %)\eiiejj + pejjeq;. (5.34)

A consequence of (5.23) is

eijeij = 3€ii€j; T €fij]€lij)- (5.35)
Using (5.26) and this equation, (5.34) can alternatively be written as

w = 1keje;; + H€li5)€[ij] - (5.36)

Since w has been assumed to vanish in the undeformed state, it must be positive in the deformed
state. With the spherical and deviatoric components of e;; independently variable, necessary
and sufficient for w > 0 are

k>0, p>0 (5.37)
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and, in view of (5.26), A > — % . However, in real materials, negative values of A are not realized,
so that
A>0. (5.38)

In the case of incompressibility, we have
;i =0, X— o0, k— o0, (5.39)
which reduce (5.34) and (5.36), respectively, to

W = UE€;;€Eij, (540)

5.3 Viscous fluids

5.3.1 Thermodynamic pressure

Fluids at rest or in uniform flow cannot support deviatoric stress. Hence, the stress is
purely spherical:
0 0

with the superscript 0 indicating the state of rest or uniform flow. In thermodynamics, P© is

related to ,0(0) and possibly other state functions by a kinetic state equation:
PO = pO(PO ). (5.43)

In fluid dynamics, we are usually concerned with non-uniformly flowing fluids. We then
introduce the thermodynamic pressure, II, by the same function of 0 and possibly other state

functions that holds for P(©) at rest or uniform flow:
H:H(p,...). (5.44)

Since PO = 10 it follows that IT(0) = —Tl-(l-o)/ 3. However, in non-uniformly flowing fluids, 17
does not equal the negative of the mean normal stress in general. A special form of (5.44) is the

kinetic state equation for a barotropic fluid:
II = 11(P). (5.45)

Examples of barotropy are fluids subject to adiabatic or isothermal changes of state. An incom-

pressible fluid is governed by a barotropic state equation of the form
[ = constant. (5.46)
Note that, in an incompressible fluid, II is no longer a function of 0.
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5.3.2 Newtonian viscosity

The characteristic feature of viscous fluids is that they can support deviatoric stress. We here
assume that the difference between the stress in non-uniform flow and the stress at rest or in

uniform flow is a homogeneous linear function of the strain rate. Hence,
Tij = —Iéij + Nijt Dy, (5.47)

which is the generalized Navier—Poisson law, with Nj;; the viscosity tensor. A viscous fluid
whose constitutive equation is given by (5.47) is referred to as a Newtonian—viscous fluid. We
note that, in view of the symmetries of D;; and T;;, the number of independent components of
Nijki is 6 x 6 = 36. In the following, we will only consider the case that N;j;,; is isotropic. Since

D;j and T;; are symmetric, N;ji has the form of (5.21):
Nijri = X050k + 1) (0ir 61 + 06, (5.48)

where X' and 7] are the first and second viscosity parameters, respectively. Substituting this

equation into (5.47) yields
Tij = —110;; + X Dyrdij + 21 Dyj, (5.49)

which is the isotropic Navier—Poisson law.

5.3.3 Spherical and deviatoric parts

As for the isotropic Hooke law (Sec. 5.2), equation (5.49) can be decomposed into spherical and
deviatoric parts. According to (2.132) and (3.47), we have

Dij = $Dydij + Djij. (5.50)

To obtain the spherical Navier—Poisson law, we contract (5.49):
Ty = =311 + 3R Dy;, (5.52)

with the bulk viscosity given by
K =X +37. (5.53)

To relate the deviatoric parts, we combine (5.49)—(5.51):
In view of (5.52) and (5.53), this equation reduces to the deviatoric Navier—Poisson law:

Tisg) = 211 Dyig), (5.55)
whence 7] is also called the shear viscosity.
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5.3.4 Stokes condition and incompressibility

Since Tj; = —3P, equation (5.52) can be rewritten as
P=1I — KD;. (5.56)
This equation shows that P = II holds only if one of the following conditions is satisfied:

K =0, (5.57)

D;; =0, (5.58)

which are the Stokes condition and, in view of (4.21) and D;; = Vj;, the incompressibility
condition, respectively. If the Stokes condition applies, it follows from (5.53) that X = —%77,

whence (5.49) reduces to

Ty; = —I16;; — 27) Dyidij + 21) D5 (5.59)

Inspection of this equation shows that, although D; # 0 in general, no contribution to the
spherical stress arises from the corresponding term, i.e. T;; + II6;; is purely deviatoric. If the

incompressibility condition applies, (5.49) becomes
Tl’j = —H(?Z-j + 2/’7Dij, (560)

with Tj; + I15;; purely deviatoric. Note that, with IT = —Tj;/3 in (5.59) and (5.60), I may
be replaced by P. Furthemore, in both equations, only the shear viscosity, 7], is left as the
characteristic parameter.

5.3.5 Inviscidity

A fluid is inwiscid if it cannot support deviatoric stress even in non-uniform flow. Its constitutive
equation therefore is

Ty; = —6;;11. (5.61)
As is obvious from this equation, IT = —T;;/3 always holds in an inviscid fluid. If, in addition,
IT satisfies (5.45), the fluid is called elastic.
5.3.6 Stress power
Further insight is gained by considering the stress power per spatial unit volume:

Z =T Dy;. (5.62)
In view of (5.49), (5.50) and (5.53), we obtain

Z =—-IDji+ KD;iDj; + 2T) D, Dy

(5.63)

ij]-
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The term —II D;; can be positive or negative and, therefore, represents the conservative contribu-
tion to the stress power. The term R D;; D;;+27) Dy Dy, represents the dissipative contribution.
In view of (4.100) and (4.107), this contribution is also given by the dissipation function, D,
whence we have

RD;;iDjj + 2T) Dy Dy = 0. (5.64)

Since the spherical and deviatoric components of D;; are independently variable, necessary and

sufficient for the inequality to hold are
K>0, 11>0 (5.65)

and, by (5.54), also
2
X > —577 (5.66)
If, in particular, K = 0, the term KD;;D;; vanishes. Then, spherical strain changes are com-

pletely conservative, i.e. the entire dissipation is due to deviatoric strain changes. If, alterna-

tively, Dy = 0, both —IID;; and KD;; Dj; vanish, i.e. the stress power is fully dissipative.

5.4 Viscoelastic bodies

Elastic solids and viscous fluids represent end members of a suite of materials with varied re-
sponse characteristics. Intermediate members of this suite incorporating characteristics of both
end members are called viscoelastic bodies. This nomenclature suggests some difficulty in de-
ciding whether a viscoelastic body be considered as a solid or a fluid. However, usually, the
distinction between a solid and a fluid can be made. For our purposes, the following improve-

ments of our preliminary definitions of solidity and fluidity (Sec. 1.1) are appropriate.

Solids: Following the application of a time-independent deviatoric stress, the strain ultimately
converges to a finite value. Conversely, following the application of a time-independent devia-

toric strain, the stress ultimately converges to a finite value.

Fluids: Following the application of a time-independent deviatoric stress, the strain rate ulti-
mately converges to a finite value. Conversely, following the application of a time-independent

deviatoric strain, the stress ultimately decays to zero.

5.4.1 Linear viscoelasticity

A characteristic feature of elastic solids is that the current stress is a function of the current
strain. In viscous fluids, the current stress is a function of the current strain rate. In contrast

to this, viscoelastic bodies exhibit a feature which is known as the memory hypothesis. This
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implies that the stress at the current time epoch is not a function of the value of the strain or
strain rate at this epoch, but a functional of the values at all past epochs.
In formalizing this statement, we restrict our analysis to the case that the functional is

linear. Then,
oo
ti; (t) = /0 e (t = 7) dmijp(7), (5.67)
with ¢ the current time epoch, 7 the lapse time interval, m;jz;(7) the relaxation tensor and

the integral a Stieltjes convolution integral. Upon transforming it into a Riemann convolution

integral, we obtain
K G * G
tij (t) = ml-jkl(O) €Ll (t) + /0 €Ll (t - T) drmijkl(T) dr. (5.68)
Integration by parts gives

0
iy (1) = /t Mijia(7) dregi (t = 7) dr, (5.69)

where eg'(t — 1) = 0 for 7 > ¢ has been assumed as the initial condition. After a change of

variable, we obtain
¢
tis(t) = /0 Mt —t) dpeg (t) dt', (5.70)
with ¢ = ¢t — 7 the excitation time epoch. The roles of 65’ and t}; in the preceding derivation

may be interchanged, which leads to a constitutive equation of the form

t
e (t) = / cijr(t —t') dpty () dt, (5.71)
0

with ¢;jxi(t — ') the creep tensor.
We now assume that w; ; is infinitesimal, that the components of tfj are of the same order
of magnitude and that only the lowest-order terms are retained. As in Sec. 5.2.3, it then follows

from the definitions of e;;, eg, t;; and t}; that

5 =, (5.73)

which are correct to the first and zeroth orders in wu; j, respectively. In view of these equations,

(5.70) and (5.71) take the forms
¢
tz‘j(t) = /0 mijkl(t — t/) dt/ ekl(t') dt,, (5.74)
t / / /
eii(t) = /0 com(t — ) dytya(t) dt’, (5.75)
which are equivalent forms of the generalized constitutive equation of linear viscoelasticity. We

note that, in view of the symmetry of e;; and ¢;;, the number of independent components of

cijri(t —t") and myji(t — t'), respectively, is 6 x 6 = 36 (Secs. 5.2.1 and 5.2.2).
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5.4.2 Isotropy

The following analysis will be restricted to isotropic viscoelastic bodies. Since t;; and e;; are

symmetric, the isotropic forms of my;x; and c;ji; are given by equations that formally agree with
(5.21). Hence, choosing scalars m1, mg and ¢y, ¢z, so that

Mijkl = M10i0k + ma(Oikdji + 0i101), (5.76)

Cijkl = €10i50k1 + c2(0idj1 + dudjk), (5.77)

substitution into (5.74) and (5.75), respectively, yields

t t
ti; = / my(t —t') dyexr(t') 0;j dt’+2/ ma(t —t') dye;;(t') dt’, (5.78)
0 0
t t
eij = / cl(t—t’)dt,tkk(t’)él-jdt’JrQ/ co(t —t) dpti;(t') dt’, (5.79)
0 0

where m1 and mq are the first and second relaxation functions, respectively, and ¢; and co are
the first and second creep functions, respectively.
5.4.3 Spherical and deviatoric parts

To decompose (5.78) and (5.79) into spherical and deviatoric parts, we reconsider the decompo-

sitions (2.132) and (3.47):

€ij = %&‘jekk + e[ij}’ (580)
tij = %@'jtkk + 1351 (5.81)
Introducing
ms = mq + %mg, (5.82)
c3 = c1 + %02, (5.83)

we obtain in analogy to Sec. 5.2.5 the relations
ta(t) = 3 /0 "ns(t — ) dyen(t)) dt’. (5.84)
tg (t) = 2/0t ma(t —t') dyep; (t) dt’, (5.85)
with mo and mg the shear-relaxation and bulk-relaxation functions, respectively, and
ei(t) = 3 /0 t c3(t —t) dpty(t) dt', (5.86)
er(t) = 2 /0 Cealt — ) dytyy () (5.87)
with co and c3g the shear-creep and bulk-creep functions, respectively.
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5.4.4 Incompressibility

If the viscoelastic body is incompressible, the forms of the constitutive equation further simplify.

With u; ; assumed to be infinitesimal, we have, according to (4.35),

Ui = 0. (5.88)

)

However, in general, co, mo and t;; remain finite even for incompressibility. Considering (5.82)—

(5.84), (5.86) and e;; = u;;, we must therefore also require
mp — 00, M3 — 00, (5.89)

¢ =—32c;, c3=0. (5.90)

Note that, on the assumption of incompressibility, (5.84) and (5.86) no longer apply, i.e. the
spherical stress and the spherical strain are no longer related. On the other hand, the definition of
the mechanical pressure continues to apply. Hence, using e;; = 0 and ¢;; = —3p, equations (5.80)
and (5.81), respectively, reduce to

€ij = €lij] (5.91)

tij = —pdij + Lij)- (5.92)
Combining (5.85), (5.87), (5.91) and (5.92), we obtain
t
tz‘j(t) = —p(sij + 2/ mg(t - t,) dt/eij(t') dt/, (5.93)
0
t
€ij (t) = 2/ Cg(t — tl) dys [tij (t/) +p(t/)(5ij] dt/, (5.94)
0

which are forms of the incompressible constitutive equation of linear viscoelasticity.

5.4.5 Relaxation experiment

The significance of the relaxation functions is illustrated by studying the response following
the sudden application of a constant strain at ¢ = 0+. This is referred to as the relaxation
experiment. Considering

eij(t) = ei; Hi (1) (5.95)

in (5.84) and (5.85), where e;; is time independent and H, the right-handed Heaviside step
function defined by Hy (t —t') := H[t — (t' + 0)], the equations, respectively, become

tii(t) = 3m3(t) €4 H+(t), (5.96)

tij)(t) = 2ma(t) ey Ho(2). (5.97)
Typical examples of ma(t) are shown in Fig. 5.1.
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Figure 5.1: Schematic representation of the shear-relaxation function, ms(t), for (a) a viscoelas-

tic solid and (b) a viscoelastic fluid.

5.4.6 Creep experiment

Alternatively, the response following the sudden application of a constant stress at t = 0+ may

be investigated, which is called the creep experiment. Considering
tij(t) = tij Hy (1) (5.98)
in (5.86) and (5.87), with ¢;; time-independent, the equations, respectively, become

eii(t) = 3cs(t) ti Hi (1), (5.99)

e[ij] (t) = 202(t) t[ij} H+(t). (5.100)

Typical examples of ¢a(t) are shown in Fig. 5.2.

5.4.7 Solids and fluids

We may use the above results to specify further our definitions of solidity and fluidity.

Solids: For a viscoelastic body to be a solid it is necessary and sufficient that, upon the sudden
application of a time-independent deviatoric strain, the deviatoric stress and, thus, ms(t) in
(5.97) converge to a finite value as t — oo (Fig. 5.1a). Then, this equation formally agrees with

(5.28), i.e. the deviatoric constitutive equation of an elastic solid, which suggests the following

definition the elastic shear modulus of a viscoelastic solid:

W= lim mg(t). (5.101)
t—o0
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a b

Figure 5.2: Schematic representation of the shear-creep function, cy(t), for (a) a viscoelastic

solid and (b) a viscoelastic fluid.

Fluids: For a viscoelastic body to be a fluid it is necessary and sufficient that, upon the sudden
application of a time-independent deviatoric stress, the strain rate converges to a finite value as

t — oo (Fig. 5.2b). Assuming

dyeq; () = H(Y') djyy), (5.102)
where d[;; is time-independent, (5.85) becomes
t
tij) () = 2dp) / ma(t —t')dt’. (5.103)
0

The steady-flow condition is obviously equivalent to the requirement that the integral converges
as t — 00, so that the equation formally agrees with (5.55), i.e. the deviatoric constitutive
equation of a viscous fluid. This suggests the following definition of the shear viscosity of a
viscoelastic fluid:

t
n:= lim [ mo(t —t)dt. (5.104)

t—oo Jo

5.4.8 Strain energy

To calculate the strain energy per material unit volume stored in the viscoelastic body, we

assume infinitesimal strain and consider, similarly to (5.15),
w(t) = 5ti;(t) ey (t), (5.105)

where w = 0 in the undeformed state and w > 0 in the deformed state. Substituting the strain

history (5.95) into (5.78), the associated stress history is

tij(t) = [ma(t) exrdij + 2mo(t) ej;| Hy(t) (5.106)
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and (5.105) takes the form
w(t) = [hma(t) eses; + ma(t) egeg o (1), (5.107)
Using (5.35) and (5.82), this can be rewritten as
w(t) = [3ms(t) esej; +ma(t) efij)e(ij) | H + (t)- (5.108)

Since the spherical and deviatoric components of e;; are independent, necessary and sufficient
for w(t) > 0 are
mg(t) Z 0, mg(t) 2 0. (5109)

In view of (5.82), we furthermore obtain m;(t) > —2mo(t). However, as for elastic materials,

mq(t) is found to be non-negative, so that also
mq(t) > 0. (5.110)
We note that, on the assumption of a stress history of the form
by () = tyg L (1), (5.111)
where ;5 is time-independent, the constraints
c(t) >0, co(t) >0, e3(t)>0 (5.112)

on the creep functions are obtained in complete analogy to the deduction given above.
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6 Field theories

6.1 Introduction

This chapter is concerned with the specialized field theories corresponding to the particular
types of constitutive behaviour discussed in Chap. 5. Hence, the chapter will summarize the
field equations and interface conditions of elastodynamics (Sec. 6.2), viscodynamics (Sec. 6.3)
and viscoelastodynamics (Sec. 6.4). In each case, the specialized field theory will be restricted to
mechanical changes of state and first given in non-linear form for inhomogeneous and, possibly,
anisotropic materials. Following this, the equations will be linearized and the special cases of
homogeneity and isotropy be considered. Finally, the uniqueness of the solution to the equations

will be proved for each type of constitutive behaviour.

6.2 Elastodynamics

In this section, we consider a Hookean—elastic solid and describe its deformation by means of
the Lagrangian representation, with the undeformed state taken as the initial state. We denote
the material volume of the solid by X and its material boundary by X (). Furthermore, X is
divided by a material interface, X1, into the internal material volume, X!, and the external
material volume, X(?). The outward material unit vectors normal to X! and 0X?) are NZ-XJr
(Fig. 6.1). We admit prescribed jump discontinuities of the material parameters on OX @, but
assume continuity elsewhere. Hence, the field equations are defined in X WU x@ ] the interface
conditions are specified on 29X and the boundary conditions on X . These equations must

be supplemented by appropriate initial conditions.

6.2.1 Non-linear theory

From (2.4), (2.105), (3.23), (3.35), (4.28), (4.43) and (5.1), respectively, the field equations of

elastodynamics in the Lagrangian representation are

jX = det Ti,5, (6.1)
eg’ = L(rpire,j — 6ij), (6.2)
tf; = jxrjilitik, (6.3)
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Figure 6.1: Domains employed in the Lagrangian representation of elastodynamics or viscoelas-

todynamics. The symbols are explained in the text.

tiy == 3% e ks (6.4)
i*p=p", (6.5)
thi+p%gi = pd?r;, (6.6)
tilj = mijries, (6.7)

where X; € YD U X®@ . With 9i» Myjr and p(o) prescribed fields, the above equations represent
P K

26 scalar equations for 26 scalar unknowns (nine components of t;;, six components of ti;, six
components of eg, three components of r;, jX and p).
From (4.3), we have
UiP - jxr;jlgj (6.8)

and, in view of (4.125), (4.126), (4.130) and (4.131), the associated interface and boundary
conditions applying to X; € XM and X; € 9X@ | respectively, are

[r;]t =0 and [tf;]f NjXJr = oP(d?ri — g7), (6.9)

[ri]” =¢ or [ti?]f NjXJr = —oP(dlr; — gl-i), (6.10)

where o

P = gPNX" and ¢; are assumed to be prescribed.

6.2.2 Linearized theory

We use r; = X; 4+ u; and assume that the magnitudes of the components of u; ; are sufficiently
small in comparison to unity that only the lowest-order terms be retained. Considering (2.85)
and supposing the magnitudes of the components of ¢;; are of the same order of magnitude, we
obtain from (6.1)—(6.5) the equations

i*=1, (6.11)

es = eij, (6.12)



ti? — tf; = tij, (6.13)
p=p0, (6.14)

where the second equation is of the first order and the others are of the zeroth order in u; ;.
In view of (6.11)-(6.14) and d?r; = d?u;, equations (6.1)-(6.5) reduce to their

linearized forms:

eij = 5(uij +uj,i), (6.15)
tij.j + pgi = pdiiui, (6.16)
tij = mijicij, (6.17)

which represent 15 scalar equations for 15 scalar unknowns (six components of ¢;;, six compo-

nents of e;; and three components of u;). In the case of isotropy, the last equation simplifies to
tij = Aerk0ij + 2pe;;. (6.18)
We may eliminate e;; and t;; from (6.15)—(6.17). Assuming that m;j; is constant, we obtain
S (ug i + w i) + pgi = pdiug, (6.19)
which, for isotropy, becomes
(A + p)ug i + i g + pgi = pditu;. (6.20)

Either vector equation represents three scalar equations for the three components of w;.
We continue using r; = X; + u; and assuming that the magnitudes of the components of

u;,; are sufficiently small that only the lowest-order terms be retained. Then, (6.8) becomes
o =0, (6.21)

and, in view of (6.13), the interface conditions (6.9) and boundary conditions (6.10), respectively,

reduce to their linearized forms
(W]t =0 and [t;;]" ijJr = o(dfu; — g7), (6.22)

[u;]” =¢; or [tij]” NjXJr = —o(d?u; — gii). (6.23)

On account of the linearity of the field equations, interface conditions and boundary con-

CORCVINE

ditions, the superposition principle applies. This means that, if u are solutions

i G b
to (6.15)—(6.17) for prescribed ggl) and u§2), el(-?), tz(f-) are solutions for prescribed 92(2), then
cluz(l) + 02u§2), clel(-]l») + 0265]2»), cltgjl-) + cztz(f-) are solutions for clgi(l) + 0292(2), with ¢; and ¢9

arbitrary constants. The solutions for prescribed interface and boundary conditions can be

superposed in an analogous way.
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6.2.3 Uniqueness theorem of linearized elastostatics

If the acceleration is sufficiently small, the term pd?u; can be neglected and (6.15)—(6.17)
simplify to

eij = 5 (uij + uji), (6.24)
tijj + prgi =0, (6.25)
tij = Myjriekl, (6.26)

which are the field equations of linearized elastostatics.
We now suppose that the fields are continuously differentiable everywhere on X U 90X @),
We also assume perfect elasticity, which is equivalent to the existence of a non-negative strain

energy per material unit volume of the form of (5.15):
w = %tijeij Z O, (627)

where w = 0 applies to the undeformed state and w > 0 to the deformed state. The uniqueness
theorem of elastostatics maintains that the solution to (6.24)-(6.26) is unique in X if g; is

prescribed in X and w; := [us|” or t; = [t;]” NjX"' is prescribed on dX®). To prove the
@ @ M 2 4,2 @

it W and s bijls u corresponding to the

theorem, we consider two solutions, e
same volume forces in X and to the same boundary conditions on X (?). By the superposition

(2) 1) _ .2 1) ) 1)
ij — Cij s tij = tij _tij ) — U

gi =0 in X and to t;u; = 0 on X3, Integration over X @ gives

principle, the solution e;; = e u; = ul(-2 then corresponds to

/ tiui d2X = 0, (6.28)
ox ()
which, using (3.17) and (4.3), is equivalent to
/ (tl-jul-),j ng =0. (629)
x
Since, on account of g; = 0, the equation ¢;; ; = 0 obtains, this simplifies to
/ tijui,j d3X =0. (6.30)
x
From (2.84)-(2.86), we have u; ; = e;; + ;; and, in view of the symmetry properties of t;;, e;;
and «;;, we obtain
/ tijeij d?’X =0. (6.31)
x
Considering (6.27), this is possible only if
tijeij =0 (6.32)

everywhere in X'. Since w = 0 applies to the undeformed state, ¢;; = e;; = 0, whence

el = @ (6.33)

ij €ij >

(s



Figure 6.2: Domains employed in the FEulerian representation of viscodynamics. The symbols

are explained in the text.

1 _ @
t) =1, (6.34)

In view of (6.24), we also have, except for a possible rigid-body displacement,
u) = 4@, (6.35)

Equations (6.33)—(6.35) confirm that, for perfect elasticity and with g; prescribed in X and wu;
or t; prescribed on X?, the solution to the linearized field equations of elastostatics is unique.
The uniqueness theorem can be generalized in several ways and may be shown to be valid also

in the case of a discontinuity on dxX™).

6.3 Viscodynamics

In this section, we summarize the field equations and interface conditions governing the flow
of a Newtonian—viscous fluid. Since, in general, individual particles cannot be distinguished in
fluids, we describe the flow using the Eulerian representation. We choose some spatial volume,
R, inside of the fluid and confine it by its spatial boundary, 9R . Furthermore, R is divided
by the spatial interface 9R(Y into the internal spatial volume, R(Y), and the external spatial
volume, R(?). The outward spatial unit vectors normal to 9IR™M) or 9R(? are nf* (Fig. 6.2).
We allow prescribed discontinuities of the material parameters on 9R (Y, but suppose continuity
elsewhere. The field equations are thus defined for R U R®) the interface conditions apply
to 9R(M and the boundary conditions are specified on 9R?, with the individual domains in

general time-dependent. In addition, appropriate initial conditions must be specified.

6.3.1 Non-linear theory

We restrict the analysis to isotropic Newtonian—viscous fluids. Then, from (2.113), (4.19), (4.40),

(5.45) and (5.49), the field equations of viscodynamics in the Eulerian representation are
Dij = 5(Vij + Vi), (6.36)
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i+ PVii =0, (6.37)

Tijj + PGi = P diVi, (6.38)
1T =1I(P), (6.39)
Tij = —110;; + X Dyr0ij + 21) Djj, (6.40)

where r; € R UR®P. With Gy, I, X and 7] prescribed fields, these equations represent 17
scalar equations for 17 scalar unknowns (six components of Tj;, six components of D;;, three
components of V;, II and ). The number of equations and unknowns can be reduced by

eliminating D;; and T;;. Assuming that X and 7] are constant, (6.36)—(6.40) reduce to

A+ PVii =0, (6.41)
I =1(p), (6.42)
—II; + (X +M)Vjij +NVij; + PG = PdiVi, (6.43)

which represent five scalar equations for five scalar unknowns (three components of V;, IT and
P). Equation (6.43) is called the Navier-Stokes equation.
If incompressibility is assumed, d;0 = 0 and I = P and (6.41)—(6.43) reduce to

Vi =0, (6.44)
—P; + NV + PG = PdiV;. (6.45)

If the fluid is also inviscid, 7] = 0 and we get

Vii=0, (6.46)

—P;+ PG; = PdiV;, (6.47)

where the last equation is called the Euler equation. A simpification that, in a sense, is opposite

to that of inviscidity results if 0 d;V; can be neglected. Then, (6.44) and (6.45) become
Vii=10, (6.48)

—Pi+1Vij;+ PG =0, (6.49)

which are the quasi-static field equations.
From (4.112), (4.113), (4.119) and (4.120), the interface and boundary conditions applying
to r; € ORW and r; € ORP), respectively, are

VIt =0 and [Tj;]" nft = 3(dV; - GF), (6.50)
ViIm=Ci or [Ty nft=-2(dVi—G), (6.51)

with X and C; prescribed.
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6.3.2 Linearized theory

The non-linearity of the field equations and interface conditions of viscodynamics arises from the
terms OV, ; and 0 d;V; = P(D;V;+V;V; ;) in (6.41) and (6.42), but also appears in (6.50) or (6.51)
if the spatial interface or spatial boundary is moving. Whereas the non-linearities associated
with 0 vanish for incompressible fluids, the non-linearity associated with the advective part of
the material time derivative of V; remains in this case and even persists if the fluid is inviscid.

One method of linearizing the field equations is to assume that d;V; can be neglected.
This has been applied above and resulted in the quasi-static field equations (6.48) and (6.49).
However, for compressible fluids, this method does not lead to complete linearization.

A different method of linearizating the field equations is the use of perturbation theory.
The fundamental assumption of perturbation theory is that the current state of the fluid can be
expanded into an initial state and an incremental state. Mathematically, this can be represented

by a perturbation equation of the form
Fy. =F +F, (6.52)

where FZ(JO) and FZ(Jl) denote the initial and incremental parts, respectively, of F;; . Substituting
this into the non-linear field equations, interface conditions and boundary conditions results in a
set of equations containing zeroth-, first- and second-order terms. In linear perturbation theory,
it is assumed that the increments are sufficiently small that the second-order terms can be
neglected. Assuming that the solution for the initial state is known, we then arrive at a set of
linear equations for the first-order terms.

To illustrate the method, we consider (6.36)—(6.40). On the assumption that the initial
state is hydrostatic, diF;; (0) = 0, D(O) = 0 and V(O) = (0. Then, the expanded forms of the

equations are

DY = 1w+ vy, (6.53)

D,pV + v pl p(o +pOv =o, (6.54)

PO 11 1+ (pO 4 pM) G + Gy = (p© + p<1 OV +vOVD), (655
—P@&f+ﬂD:—Uﬂ”+H“wU+XD£&f+Wﬂ%, (6.56)

94+ 1® = m(p©) + kpW» (6.57)

where the fluid bulk modulus, K = (dII/ dp)p(o), has been used in the last equation. Since
these equations must be satisﬁed in the hydrostatic initial state, we may equate the zeroth-order
terms, giving P p(o 10 = pO) and 7O = p(o If we observe the zeroth-order

equations and neglect the second-order terms, the linearized field equations of viscodynamics are
DY = 1D + vy, (6.58)

80



D,pY + pOvD = (6.59)

L+ pOc 4 pWal? = p(O)DtVi(l), (6.60)

U]

1 1) 1)
7\ = —Ws;; + X DY)y + 21D} (6.61)

Z]’

W =gkgpW, (6.62)

Assuming that GZ(O), Ggl), K, X and 7] are prescribed fields, these equations represent 17

(1)

scalar equations for 17 scalar unknowns (six components of T}, six components of DY three

ij
components of V(l) M and p(l)). If K, X and 7] are constant, we obtain, upon elimination

of D(l) (1) and I7¢ ) the relations

z]’z

D,pY + pOVY = (6.63)

1) 1) 1
KR + OV + Vi + PO - pUGT = pO D (6.6
1)

which represent four scalar equations for four scalar unknowns (three components of V,

and p(l)).
Assuming time-independent spatial domains, nirJr = ngo) " and the interface conditions

(6.50) and boundary conditions (6.51), respectively, can be expanded into

VT =0 and [-POs; + TVl = (2O 4 xW) @V — ¢ — ¢VF), (6.65)

7

(2

[V(l)]‘ —C, or [_P(O)% n n&l)]— nﬁo) r+ _ —(xO 4 2(1))(61%(1) _ Gl(o)i _ Gz(l)i)' (6.66)

With [PO]F = & (o)p(o) and [PO)]~ = —x0) p(o) in the hydrostatic initial state and the second-

order terms neglected, the linearized interface and boundary conditions take the forms

VTE =0 and [T = —2OGHE - 500 (6.67)
WO = o I = SO e sG e

After linearization of the field equations, interface conditions and boundary conditions
and with the spatial domains fixed, the superposition principle can be applied as discussed for

linearized elastostatics (Sec. 6.2.2).

6.3.3 Uniqueness theorem of linearized quasi-static viscodynamics

If the acceleration is sufficiently small and the fluid incompressible, p(o) DtVi(l) =0, p(l) =0
and ITY = PM . Dropping the superscripts, (6.58)-(6.62) then simplify to

Dij = 5(Vij + Vi), (6.69)

Vii=10, (6.70)



Tj,; + PGi =0, (6.71)
Tl’j = —P(S‘Z’j + 2/’7Dij, (672)

which are the linearized field equations of quasi-static viscodynamics for incompressibility.
We now assume that the fields are continuously differentiable everywhere on R U R,
We also recall (5.62), i.e. the definition of the stress power per spatial unit volume, which, for

an incompressible fluid, is purely dissipative and, therefore, non-negative (Sec. 5.3.6):

The uniqueness theorem of quasi-static viscodynamics maintains that the solution to (6.69)—

(6.72) is unique in R if Gj is prescribed in R and V; := [Vi(l)]* or T; := [T(l)],n§0)+ is prescribed

ij
O 70 O g p@ 7@ @
1] Y 1] ) 7 Y

on OR?). To prove the theorem, we consider two solutions, D i T Vi

corresponding to the same volume forces in R and to the same boundary conditions on OR (2.
By the superposition principle, the solution D;; = Di(;) —DS), T;; = TZ(JQ) —Tl-(jl), Vi= Vi(2) — Vi(l)
then corresponds to G; = 0 in R and to T;V; = 0 on R, Upon integration over OR 2, we get

T;V; d?r =0, (6.74)
OR(2)

which, using (2.30), (3.17) and (4.1), becomes
/ (Ti;Vi) jd°r = 0. (6.75)
R

In view of (6.71), this reduces to

/ T;;Vi; d®r = 0. (6.76)
R

From (2.112)-(2.114), we have V; ; = D;; + §2;;. Exploiting the symmetry properties of T3;, D;;
and (2;;, we get
/ Tl’jDij d3’l“ =0. (677)
R

On account of (6.73) this is possible only if
TijDij =0 (6.78)

everywhere in R. Since Z = 0 is valid only in the hydrostatic state, even T;; = D;; = 0 applies

and, therefore,

1 _ n®
Dy’ = Dy’ (6.79)
(1) _ (2
T =12, (6.80)
In view of (6.69), we also have, except for a uniform motion,
v =v@, (6.81)
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The last three equations confirm that, for incompressible Newtonian viscosity, G; prescribed in
R and V; or T; prescribed on OR?), the solution to the linearized field equations of quasi-static
viscodynamics is unique. The uniqueness theorem, here proved only for incompressibility, can
be generalized in several ways and, in particular, may be shown to be valid also in the case of a

discontinuity on 9RW.

6.4 Viscoelastodynamics

Since the constitutive behaviour of viscoelastic bodies is intermediate between that of solids
and fluids, both the Lagrangian and the Eulerian representations may profitably be employed.
In this section, we suppose the existence of an undeformed state and adopt the Lagrangian
representation, with this state serving as the initial state. Hence, the domains of definition
used in the Lagrangian representation of the field equations, interface conditions and boundary
conditions of elastodynamics (Fig. 6.1) continue to apply. As in Sec. 5.4.1, the initial conditions

are e; (t—r)—OforTZt.

6.4.1 Non-linear theory

From (2.4), (2.105), (3.23), (3.35), (4.28), (4.43) and (5.70), respectively, the field equations of

viscoelastodynamics in the Lagrangian representation are

3% = detr, (6.82)

ei? = L(rpirk,j — 6ij), (6.83)
ti =% it (6.84)

tiy == 3% e ks (6.85)
i*p=p, (6.86)
th+0p%g = p dir, (6.87)
/ mijr(t — ') dye (t') dt’| (6.88)

where X; € XMW U x@. With g, mijri(t — t') and p(o) prescribed fields, these are 26 scalar
equations for 26 scalar unknowns (nine components of t};, six components of tilj, six components
of eU , three components of r;, 7 X and p).

From (4.3), we have

of =j%rjoy, (6.89)
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and, from (4.125), (4.126), (4.130) and (4.131), the interface and boundary conditions applying
to X; € 0XW and X; € 90X | respectively, have the forms

[r;]* =0 and [t};]t NjX+ = o P(dr; — gii), (6.90)
[ri]” =¢ or [ti?]_ NjXJr = —oP(dr; - gl-i), (6.91)

with P := 0P N** and ¢; prescribed.

6.4.2 Linearized theory

We consider r; = X; + u;, dtzrl- = dfui and employ the same approximations used in Sec. 6.2.2.

Then, (6.11)-(6.14) apply and (6.82)—(6.88) take the linearized forms

eij = 5(uij +uj), (6.92)
tijg + pgi = pdiu, (6.93)
t

i = [ migult = ¢) dven(t) dt (6.94)

which represent 15 scalar equations for 15 scalar unknowns (six components of ¢;;, six compo-

nents of e;; and three components of u;). Assuming isotropy, the last equation simplifies to
t t
= / ma(t — ') dyegi(t') 6,5 dt’ + 2 / ma(t — ') dyes; (t') dt'. (6.95)
0 0

The number of unknowns can be reduced by eliminating e;; and ¢;; from (6.92)-(6.94). Assuming

that m;;r(t — t') is spatially constant, we obtain
t
! /O Mt — ) do[u i (8) + w ()] dt’ + pgi = pd2us, (6.96)
which, for isotropy, becomes
t t )
/0 [ma(t —t') + ma(t — ¢')] dpujii (') dt’ + /0 mo(t —t') dpu, j;(t") dt' + pgi = pdiu;.  (6.97)

Either equation represents three scalar equations for the three components of u;.
With r; = X; 4+u; and the magnitudes of the components of u; ; sufficiently small that only
the lowest-order terms be retained, tl-l; = t;; and 0P = o continue to apply and the linearized

forms of the interface and boundary conditions (6.90) and (6.91), respectively, reduce to
(W]t =0 and [t;;]* ijJr = o(dfu; — g7), (6.98)

[u;]” =¢; or [tij]” NjXJr = —o(d?u; — gii). (6.99)

We note that, except for the constitutive equation, the field equations, interface condi-

tions and boundary conditions of viscoelastodynamics are identical to those of elastodynamics.
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Another way of displaying the formal relationship between the two systems of equations is to
consider the Laplace transforms with respect to the time, ¢, of the field equations, interface con-
ditions and boundary conditions of viscoelastodynamics. Here, we only discuss this relationship
for the linearized equations. Assuming that the perturbations are quasi-static, d?u; = 0, and
that the volume-mass density is time-independent, p = p(o), and denoting the Laplace trans-
form of f;; . with respect to t by ﬁ'jm, the Laplace transforms of (6.92)—(6.94) take the forms
(App. A.1)

€ij = 5 (Wij + Uji), (6.100)
tij,j + pgi = 0, (6.101)
tij = SMijkiCki- (6.102)

The Laplace transforms of (6.98) and (6.99) are

[@]T =0 and [t;]t N = 557, (6.103)
[w]” = or [t]” NS =55 (6.104)

In these equations, the inverse Laplace time, s, of Laplace-transformed fields and the relax-
ation tensor has been suppressed as the argument. We note that the expressions are formally
identical to the field equations, interface conditions and boundary conditions of elastostatics,
provided that the Laplace-transformed viscoelastic fields are associated with the correspond-
ing elastic field quantities and provided that sm;;; is associated with the elasticity tensor,
m;jk. For a particular problem in quasi-static viscoelastodynamics, the Laplace-transformed
solution is therefore obtained from the solution of the corresponding elastostatic problem if
m;jk is replaced by smyj ;. To find the solution to the viscoelastic problem in the time domain,
the inverse Laplace transform (App. A.2) must be taken. The formal agreement between the
Laplace-transformed viscoelastic solution and the corresponding elastic solution is called elastic—
viscoelastic correspondence principle. Note that the assumption of quasi-staticity is essential to

this correspondence.

6.4.3 Uniqueness theorem of linearized, quasi-static viscoelastodynamics

Assuming isotropy and with the acceleration sufficiently small, (6.92)—(6.94) reduce to

eij = (i j + uj), (6.105)

tijj +pgi =0, (6.106)
t t

tij :/ my(t —t') dyexs(t') 0;5 dt’ + 2/ ma(t —t') dye;;(t') dt’, (6.107)
0 0

which are the field equations of linearized, isotropic, quasi-static viscoelastodynamics.
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We now suppose that the fields are continuously differentiable everywhere on X U X (),
The uniqueness theorem of the restricted form of viscoelastodynamics considered maintains
that the solution to (6.105)—(6.107) is unique in X if g; is prescribed in X and u; := [u;]~ or
ti = [ti;]” N jX+ is prescribed on X @ . To prove the theorem, we follow Sec. 6.2.3 and consider
@) 41 @ 2 @ @

u; ’ and e; u;

two solutions, €;;", t;;", w; i tijs Uy

, corresponding to the same volume forces in X

and to the same boundary conditions on X, By the superposition principle, the solution
@ _ @ +2 @) @) _ (¢

€ij tij:i Tl W = Uy i

eij = €;; i b then corresponds to g; = 0 in X and to t;u; =0

on X Integration over 9X 2 gives
/ tiu; d*X =0, (6.108)
0x(2)
which, repeating the steps shown in Sec. 6.2.3, leads to
/ tijeij d*X =0 (6.109)
X
everywhere in X. Substituting (6.107), this can be rewritten as
t ¢
/ |:/ mq (t - t/) dt/ekk(t/) 5@']’ dt/ + 2/ mz(t - t/) dt/eij (t/) dtl €ij (t) d3X = 0, (6.110)
x Lo 0

where, for clarity, the arguments ¢ and ¢’ are reintroduced. Consideration of (5.82) and the

initial condition e;;(0) = 0 followed by integration by parts leads to
[, a0y €st) e556) + 2ma(0) e () i) +
t
/ dt/mg(t — t/) el-l-(t) ejj (t/) dtl + th/mg(t - tl) 62‘]‘ (t) el-j (tl) dt/ d3X = 0. (6111)
0

This equation simplifies if we introduce the following notational changes:

1
[m3(0)]2 e (1), n=1
fu(t) = . , (6.112)
2ma(0)]Z ey (t), n=2,..10, i,j=1,23
_d/mg(tft/) _
gn(t — 1) = R (6.113)
" dyma(t=t') —2,..10, 4,j=1,23
- m2(0) ) n=2.. ) ] =14

where f,,(t) and g, (t —t') are auxiliary functions. With these definitions and after some manip-

ulations, (6.111) becomes

10 t
/ N ol 33y
/an:l{fn(t)fn(t)‘*’/o gn(t —t') fu(t) fu(t) dt'| d®X =0. (6.114)

It can be shown that, with f,,(¢) continuous in X and g, (t —t') > 0, it follows from (6.114) that
fn(t) =0 for n = 1,...,10. Considering mo(0) > 0, m3(0) > 0 according to (5.109) and using
(6.112), this implies that e;; = 0 and, with (6.109), also that ¢;; = 0. We therefore obtain
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el = e (6.115)

ij €ij >
1 _ 42
ti =t (6.116)
and, with (6.105) and except for a possible rigid-body displacement, also
uz('l) = uz(?)- (6.117)
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A Laplace transform

A.1 Forward transform

The forward Laplace transform, L[f(t)], of a function, f(¢), is defined by

L) = /Ooof(t) etdl, s e, (A1)

where L is the Laplace-transform functional, s the inverse Laplace time and C the complex
domain. We here assume that f(t¢) is continuous for all ¢ € [0, 00) and of exponential order as
t — oo, which are sufficient conditions for the convergence of the Laplace integral in (A.1) for

Re s larger than some value, sgr. Defining f(s) := L[f(t)] and assuming the same properties for

g(t), elementary consequences of (A.1) are

Cla f(t) +bg(t)] = a F(s) + b3(s), a,b= constant, (A.2)
Lldf (0] = s f(s) = £(0). (A-3)

c[ Ot £t dt'} _ [ f), (A.4)

el [ re-era)at] = F)ie) (A5)

ch = % (A.6)

Lo = - +150 . sp = constant. (A7)

A.2 Inverse transform

If L[f(t)] is the forward Laplace transform of f(t), then f(¢) is called the inverse Laplace
transform of L[f(t)]. This is expressed by L~Y{L[f(t)]} = f(t), with £~! the inverse Laplace-

transform functional. Since f(s) := L[f(¢)], it follows that

L7 f(s)] = f(1), te[0,00), (A-8)

which admits the immediate inversion of the forward transforms listed above.
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B List of important symbols

The entries in the third column denote the section numbers of the first reference to the corre-

sponding symbols. Except for the arbitrary Cartesian tensor field, for which all quantities are

given both in the Eulerian representation and in the Lagrangian representation, all other fields

are given only in the kinematic representation of their first reference.

B.1 Latin symbols

Symbol
A

a®)

B

B®)

C

C

C1

C2

Name
current area of thin disk

kth invariant of e;;

entropy-production rate per unit mass

kth invariant of Tj;

heat-production rate per unit mass

complex domain

first creep function

second creep function (shear-creep function)

bulk-creep function
creep tensor

dissipation function
strain-rate vector
strain-rate tensor

total energy

integral kinetic energy
integral internal energy
integral heat-input rate
integral work-input rate
Cauchy strain

2.71828. ..

infinitesimal strain vector
principal value of e;;

infinitesimal strain tensor

89

Reference
4.11.1
2.7.1
4.8.1
3.6.1
4.7.1
Al
5.4.2
5.4.2
5.4.3
5.4.1
4.10
2.6
2.6
4.71
4.7.1
4.7.1
4.7.1
4.7.1
2.5.1

24
2.7.1
24



Symbol

€(ij)

ij...

fii..

[fij..]”
[fij. )T
[fij. )T

+
ij...

dfij...
fijok

P
ij...

Name

spherical part of e;;

deviatoric of part of e;;

dilatation

Green strain

force per spatial unit volume

(actual) differential surface force for fixed ¢

fictious differential surface force for fixed ¢

integral force

integral surface force

integral volume force

Eulerian representation of Cartesian tensor field on R U OR
Eulerian representation of Cartesian tensor field in R
Eulerian representation of Cartesian tensor field in R ()
internal limit of Fj;

external limit of Fj;

jump of Fy;. .

arithmetic mean of [Fj; ]|~ and [Fj; T

initial part of Fj;. .

incremental part of Fj;

integral of Fj;. . over R or integral of f;;  over X
differential of Fj; . for fixed ¢

gradient of F; = with respect to ry,

auxiliary function

Lagrangian representation of Cartesian tensor field on X U 0X

Lagrangian representation of Cartesian tensor field in X ™)
Lagrangian representation of Cartesian tensor field in X (?)
Laplace transform of f;;.

internal limit of f;;. .

external limit of f;;. .

jump of fi;..

arithmetic mean of [f;; ]~ and [f;;. ]T

initial part of f;; .

differential of f;;. . for fixed ¢

gradient of f;; = with respect to Xy,

Cartesian tensor field per material unit area (Piola field)

90

Reference
2.7.2
2.7.2
2.7.2
2.5.2
3.2.1
3.3
3.5.2
3.2.1
3.2.1
3.2.1
2.2.1
4.11.1
4.11.1
4.11.1
4.11.1
4.11.1
4.11.1
4.4.2
6.3.2
2.2.4
2.2.4
2.2.2
6.4.3
2.2.1
4.11.2
4.11.2
6.4.2, A.1
4.11.2
4.11.2
4.11.2
4.11.2
4.4.2
2.2.4
2.2.2
4.2.2



Name

spatial mean of f;;. .

integral entropy-input rate

Fj;... per unit mass

auxiliary function

force per unit mass (gravity)

right-handed Heaviside step function

entropy flux per spatial unit area (entropy-flux density)
Cauchy deformation

thickness of thin disk

coordinate normal to 9R(Y)

entropy flux per material unit area (Piola enropy-flux density)
Green deformation

spatial Jacobian determinant

material Jacobian determinant

fluid bulk modulus

elastic bulk modulus

Laplace-transform functional

inverse Laplace-transform functional

integral mass

first relaxation function

second relaxation function (shear-relaxation function)
bulk-relaxation function

elasticity tensor

relaxation tensor

material unit vector collinear with d2.X;
outward material unit vector collinear with d2X;
viscosity tensor

spatial unit vector collinear with d2r;

outward spatial unit vector collinear with d2r;
principal direction of T3;

origin of r; coordinate system

integral linear momentum

material unit vector collinear with d.X;

principal direction of e;;

mechanical pressure
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Reference
3.4.1
4.8.1
4.4.1
6.4.3
3.2.1
5.4.5
4.8.1
2.5.1
4.11.1
4.11.1
4.8.2
2.5.2
2.2.1
2.2.1
6.3.2
5.2.5
Al
A2
4.4.1
5.4.2
5.4.2
5.4.3
5.2
5.4.1
2.2.4
4.11.2
5.3.2
2.24
3.3
3.6.1
3.4.1
4.5.1
2.24
2.7.1
3.6.2



Symbol

i

—1
Tij

d'l“i

Name
spatial unit vector collinear with dr;
heat flux per spatial unit area (heat-flux density)

material unit vector collinear with d.X;

heat flux per material unit area (Piola heat-flux density)

spatial unit vector collinear with dr;

spatial 3-D domain (spatial volume)

spatial spatial 2-D domain (spatial boundary) confining R

internal spatial 3-D domain (internal spatial volume)
spatial interface between R(Y) and R

external spatial 3-D domain (external spatial volume)
spatial boundary confining R(?)

spatial position

Lagrangian representation of r (current position)
inverse of r; ;

magnitude of dr;

spatial 1-D differential (spatial differential length)
magnitude of d?r;

spatial 2-D differential (spatial differential area)
spatial 3-D differential (spatial differential volume)
entropy per unit mass

integral entropy-increase rate

inverse Laplace time

force per spatial unit area (Cauchy traction)

Cauchy traction across plane normal to r; coordinate
Cauchy traction across plane normal to n;

principal value of T;;

Cauchy stress

spherical part of T;;

deviatoric part of Tj;

conservative Cauchy stress

dissipative Cauchy stress

Kirchhoff stress

current time epoch

excitation time epoch

spatial time-derivative operator
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Reference
2.24
4.7.1
2.4
4.7.2
2.6
2.2.1
3.2.1
6.3
6.3
6.3
6.3
2.2.1
2.2.1
2.2.3
2.2.4
2.2.4
2.2.4
2.2.4
2.2.4
4.8.1
4.8.1
6.4.2, A.1
3.2.1
3.3
3.3
3.6.1
3.4.1
3.6.2
3.6.2
4.10
4.10
3.5.3
2.2.1
5.4.1
2.3.1



Symbol
D,
d/dt

Ot
tP

i
p

irj
dX
dX;
d’X
d*X;
d3X

Name

spatial time-derivative operator

material time-derivative operator

material time-derivative operator

material time-derivative operator applied to work or heat
force per material unit area (Piola traction)

Finger stress

Piola stress

internal energy per unit mass

displacement

current volume of thin disk

velocity

strain energy per material unit volume

material 3-D domain (material volume)

material 2-D domain (material boundary) confining X
internal material 3-D domain (internal material volume)
material interface between X and X

external material 3-D domain (external material volume)
material boundary of X2

material position

Eulerian representation of X (initial position)

inverse of X ;

magnitude of dX;

material 1-D differential (material differential length)
magnitude of d2X;

material 2-D differential (material differential area)
material 3-D differential (material differential volume)

stress power per spatial unit volume

B.2 Greek symbols

Symbol

Name
infinitesimal rotation vector
infinitesimal rotation tensor

Dirac delta function
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Reference
4.3
2.3.1
4.3
4.7
3.2.2
3.5.2
3.5.1
4.7.1
2.2.1
4.11.1
2.3.1
5.2.3
2.2.1
2.2.1
6.2
6.2
6.2
6.2
2.2.1
2.2.1
2.2.3
2.2.4
2.2.4
2.2.4
2.2.4
2.2.4
5.3.6

Reference
2.4

2.4

4.11.1



=

Name

Kronecker symbol

partial-derivative operator

second viscosity parameter (shear viscosity)
thermodynamic temperature

bulk viscosity

first Lamé parameter

second Lamé parameter (elastic shear modulus)
Levi-Civita symbol

mass per spatial unit volume (volume-mass density)
lapse time interval

3.14159. ..

thermodynamic pressure

mass per spatial unit area (interface-mass density)
mass per material unit area (Piola interface-mass density)
first viscosity parameter

Helmholtz free energy per unit mass

angular speed

vorticity vector

vorticity tensor
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Reference
2.2.3
2.2.1
5.3.2
4.8.1
5.3.3
5.2.4
5.2.4
2.2.3
3.2.1
5.4.1
5.3.1
4.11.1
4.11.2
5.3.2
4.9.1
2.6
2.6
2.6
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Nr.
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(1976)
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(1987)
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(1989)
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(1992)
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Vortrége der 40. Photogrammetrischen Woche Stuttgart 1985
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1989
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