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Abstract

Based on Ardalan (2000), the application of downward continuation of surface gra-
vity modulus onto the reference ellipsoid to geoid determination in mountainous areas is
considered as the fixed-free two-boundary value problem. Supposed that surface gravity
data have good coverage, the question is discussed if the system of equations be ill-posed
and some regularization be required. In the application of Abel-Poisson integral, modifi-
cations to the kernel and its computation for the discrete data are proposed to adapt a case
of dense coverage. Necessity becomes clear that we must develop some physical reducti-
ons to suppress (smooth) the variations of incremental gravity modulus in mountainous

arcas.

1. Introduction

The geoid determination is one of the most fundamental problems in geodesy. Space
geodetic techniques such as GPS (the Global Positioning System) easily provide accurate
three-dimensional positions at the Earth surface, which yield the ellipsoidal heights with
accuracy of cm- or even of mm- order. The techniques necessitate a precise model of the
geoid in the practical world (engineering survey) as well as in the geodetic community.
The techniques also provide us the opportunity to apply the fixed-boundary value or fi-
xed-free two-boundary value problem such that gravity observables on the known boun-
dary of the Earth surface are used to determine the position of the unknown boundary of
the geoid.

In this context, Ardalan (2000) proposed one such methodology in a remove-restore
manner. Gravity moduli by gravimetry and/or geopotential numbers by precise leveling
and gravimetry are given at the Earth surface known by GPS measurements. A global
geopotential model complete up to 360 degrees and orders, and the centrifugal potential
are removed from the observation data. The effects of the local topographic masses are
also computed and removed from the data to prepare the incremental signals in the har-
monic space down to the reference ellipsoid. The downward continuation is applied to the
incremental signals for yielding the incremental potentials at the reference ellipsoid. The
contributions of the global geopotential model, centrifugal potential and local topographic
masses to the geopotential are restored at this level and the geoid heights are given by the
Bruns’ formula.

The methodology is not well evaluated in terms of the applicability to the actual data
of different areas in different geological conditions. One of the difficulties to apply the
fixed-free two-boundary value problem is that required data, gravity or geopotential num



ber data, are not yet given densely. On the contrary, there are many areas where dense

surface gravity data without three-dimensional (geocentric) position information are a-

vailable.

In this paper, the methodology is tested with surface gravity data in the most moun-
tainous area of Japan, which includes Mt. Fuji and Southern Japanese Alps, (hereinafter
we refer to the area as ‘Fuji area’) and some modifications/improvements are given to the
methodology. We apply the downward continuation only of gravity modulus in the test.
We put emphases on the following questions:

e Is the downward continuation in this case really ill conditioned and is some type of
regularization really required?

e How should we handle the singularity of modified Abel-Poisson kernel in the nume-
rical computation with discrete data?

e Is the proposed methodology applicable to the real data in mountainous areas? That
is, are the incremental potentials on the reference ellipsoid smooth? (That condition
is presumed in the downward continuation with the kernel dumping rapidly near the
origin.)

As already mentioned in the proceeding paragraph, we do not actually have the
three-dimensional positions for the gravity data in Fuji area. Here, we use the latest gra-
vimetric geoid model for Japan, JGEOID2000 (Kuroishi, 2001) on a 1 by 1.5 arc-minute
grid to convert Helmert orthometric heights to the ellipsoidal heights. Kuroishi (2001)
showed that the errors of JGEOID2000 are in a range of a few tens of centimeters over
Fuji area in comparison to the nationwide net of GPS at benchmarks. The neglect of the
errors may not yield any significant errors in the resulting geoid model.

2. Area of Study

Fuji area is selected for the study. The area includes the highest peak of Japan, Mt.
Fuji and some mountain ranges whose elevations exceed 3 000 m. The topography is
shown in Fig.1. The geoid computation is made with gravity data distributed in the area of
35°10°-36°N by 137°45°-139°E in the local reference frame (Tokyo Datum).

The surface gravity data have a good coverage around Mt. Fuji, but have some data
gaps in mountain ranges. The existence of data gaps makes us possible to evaluate their
effects in the downward continuation computation.

We set a data cell of 1 by 1.5 arc-minute, which is a compatible resolution with that
of JGEOID2000, and check the data distribution. If there exist more than two data in a
cell, we remove such data except the one nearest to the center of the cell. By this process
we can make the distribution of used data close to homogenous one. The final distribution
of the surface gravity data is shown in Fig. 2.
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3.

Corrections and modifications to the preceding study by
Ardalan (2000)

In order to make the points of discussion clear, we summarize the corrections and

modifications made to the preceding study by Ardalan (2000).

)

2)

3)

Proposed Corrections and modifications to Ardalan (2000)

Formula (1.85) for the area of the reference ellipsoid:

The original formula,

2
S=draliyl nate
2 4as a-¢

should be corrected as follows:

2
S=4zd® {%Jr b 1n“—+g}

das a-¢

The correction is a factor of @' to the right-hand side of the equation of downward
continuation. Due to this error, the computed downward-continued incremental po-
tentials at the ellipsoid were by far small and showed almost no significant signals in
the resulting maps in Figs. 2-19 and Figs. 2-35 of Ardalan (2000) but spike noises.
The correction can be confirmed by checking some books of mathematical formula
library or by thinking of the unit dimension of the right-hand side. The area should
have a unit of squared lengths.

Corrections to the sign of the restored contribution of the local topographic masses:
In page 108 of Ardalan (2000), the negative sign is assigned to the restoration term.
There is no reason to reverse the sign of the potential computation. The resulting
geoid models in Figs. 2-41 and 2-43 of Ardalan (2000) show the significant dis-
agreement against EGG97 (Fig. 2-28) in the southwestern part, where the Ardalan’s
geoid models have a dented pattern due to the opposite corrections of the local topo-
graphic mass contribution (Fig. 2-22). Since EGG97 model matches pretty well with
GPS/leveling-derived geoid undulations (height anomalies), the dented pattern indi-
cates the sign mistake.

Modifications to the Modified Abel-Poisson kernel:

Ardalan (2000) employs the removal of the zero-degree term and the degree 1/order
0 term. In the methodology, we should not correct the degree-zero (corresponding to
the geocentric mass) or the degree-one terms (corresponding to the coincidence of
the mass center with the ellipsoidal origin). Then, we additionally remove the degree
1/order 1 and — 1 terms.

Those are given as follows:
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5)
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Removal of regularization procedures in the downward continuation in the case of
densely covered data, instead some grid points, with a certain criterion in terms of
the distance of the nearest data, are removed in the computation:
Modifications to the numerical computation of downward continuation in the inner-
most cell, that is the modification to the kernel computation algorithm:
The modified Abel-Poisson kernel is given as follows:
K(/l’¢’77;/1”¢" nO):Kspherical _Ko, O_Kl, 1_K1, -1 _Kl, 0
r’—R?
[Easdy
i=(2.¢'m,), R=|R|
X=(,¢.m), r=|¥|

K= R{|r R = 31; cosy/} in the spherical expression

=X o

spherical -

where i is the spherical distance between the points, X and X’

The integration of the K., term with an infinitesimal area element at the ellipsoid
has no singularity in the analytical form. But in the discrete procedure, the computa-
tion of this term becomes singular at the origin. In the procedure, we set regular cells
with a finite area and replace the integral of each cell contribution by the multiplica-
tion of the incremental potential (treated constant over the cell) with the kernel value
at the cell center. Then the computation becomes unstable (provides anomalous re-
sults) where the computation point sits very close to the surface data point.

Only the Kpericas term shows in the employed discrete computation a singularity at
the point where the computation point coincides with the data point. But in the nu-
merical computation, we compute each term at the grid point with a certain finite size
of cell. What do we actually compute the terms? In the discrete computation, we treat
that incremental potentials at the ellipsoid are given in a step-wise distribution, mea-
ning that the potentials are equal over each cell. The contribution of the potential of
each cell element to the Earth surface gravity is computed by multiplying the poten



tial by the modified Abel-Poisson kernel, which is computed only from the positions
of the gravity data and the cell center (grid). We should note that we do not really
compute the contribution by integration.

The computed contributions should be correct only when the average of the modified
kernel values in the cell is equal to the value computed at the cell center. This is true
if the kernel function is close to the bilinear surface. And this would be the case with
the cells except the innermost one. For the innermost cell whose center falls very
close to the data point, the computed value of the modified Abel-Poisson kernel or its
gradient changes drastically in association with small changes of the computation
positions. Then the computed contributions can be by far away from the correct ones.
In this study we change the computation algorithm for the contribution of the inner-
most cell. The original formula for the gravity modulus is given as (1.140) in Arda-
lan (2000). Since the area of the innermost cell is very small, we can compute the
integral over the cell under a planar approximation and the cell can be replaced by
the planar circle of the same area. In addition, we can evaluate only the component
normal to the ellipsoid, because the contribution of the innermost cell to the incre-
mental gravity vector on the topography is mapped with the reference gravity vector
and the reference gravity vector can be assumed parallel to the ellipsoidal normal.

z
A P

\4

Figure 3: Coordinate system for downward continuation of incremental potential of innermost
cell under planar approximation. Solid line shows the area element of the cell and P is
the position at the topographic surface. R is the mean radius of the Earth, r is the sur-
face distance between the projected point of P to the ellipsoid and the element center,
and z is the height of point P.

In the planar approximation, the contribution of the potential in the innermost cell of

the radius 7, can be computed, in the coordinate system given in Fig. 3, as follows:
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where V;,, is the constant (incremental) potential in the innermost cell, R is the geo-
centric radius of the innermost cell, z is the height of the surface point P where the
incremental gravity, dgp should be computed. In the last bracket of the last equation,
R » z is assumed. In the derivation, the point P is assumed to be on the ellipsoidal
normal at the cell center.

The computation should be made in Jacobi’s ellipsoidal coordinates. The parameters,
R, z, and r, can be given as follows:

2 1—¢?
z=g\/1-€’ sinh7cos @, |1+ tan” ¢ a( ‘ )

1-¢* . e’ tan’ ¢
1-e” +tan” ¢
r =R /cos¢A¢A}t
Vs

A

Figure 4: Position of surface point P with respect to center of innermost cell in an eccentric ca-
se. The point P is the coordinate origin and the square shows the relative position of
the innermost cell. The relative areas in each quadrant are given by the two numbers, x
andy (0=x=1,0=y=1).

In real cases, the point P may not be on the ellipsoidal normal. In order to evaluate
the contribution in general situations, we set a two-dimensional position of the point



P eccentric with respect to the cell center as shown in Fig. 4. The areas of the inner-
most-cell sections in the first, second, third, and fourth quadrants relative to the total
area can be given as follows:

1
S, E(l—x)(l—y)Szzﬂ'rl2
_ 1
S, =x(1—y)S=Zﬂr2
_ 1,
S3=xyS=me3

1
S,=(1-x)yS =Z7Z'r42
o
S=rxr; =5 +S8,+5,+S,
.‘.rl2 =2r02 (1-x)(1-y)
.‘.r22 =2r02x(1—y)
.'.r32 =2r02xy

.'.r42 =2r02 (1-x)y

The contribution of each quadrant can be computed by the same formula with the
corresponding radius r;, r,, 73, and r, divided by 4. In this paper, we simply use the
computational result obtained only with 7.

4. Spatial pattern of the newly modified Abel-Poisson Kernel

The spatial shapes of the first partial-derivatives of the newly modified Abel-Poisson
Kernel are shown in Fig. 5 (a), (b), and (c) for the longitudinal, latitudinal, and eta com-
ponents, respectively. The figures exhibit sharp dumping of all partial derivatives in each
direction. The major powers, as a response function to the incremental potential at the
ellipsoid, are concentrated in the central area within a radius of, say, 4-5 arc-minutes.

We must get the meaning of the methodology, i.e. the numerical computation of
downward continuation, from the spatial characteristics. The incremental gravity data just
around the computational points, on the ellipsoid, within such a radius heavily control the
incremental potentials at the ellipsoid. In the case that some computational cells on the
ellipsoid do not have any data within the sufficient distance, the normal matrix of the least
squares equation becomes weak at such cells. In addition, the geoid determination by the
proposed methodology is applied to discrete data. The resulting geoid models shall badly
oscillate depending on the available data, in such a case that the incremental gravity field
at the topographic surface be not smooth and that the actual data distribution be neither
dense nor homogenous.

10



(a) Modified Abel-Poisson kernel for Fuji area
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Figure 5: Spatial pattern of gradient of Modified Abel-Poisson kernel: (a) latitudinal (phi) component,
(b) longitudinal (lamda) component, and (c) height () component. The computation of the
kernel is made only at the lattice points shown with solid lines and the intervals are 2 arc-
minutes and 3 arc-minutes in latitudinal and longitudinal directions, respectively.
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The downward continuation problem of the gravity field (anomalies) is ill-
conditioned in the case that the satellite-altitude data are continued down to the ellipsoidal
or topographic surfaces. This phenomenon comes from the higher-degree harmonics ha-
ving controlling terms of (1+h/R)™! or alike. In the satellites’ altitudes, the magnitude of
h/R is not small enough and the higher-degree terms enhanced by factor (n+1)h/R become
too big, which yields the ill-posedness. But as discussed in Martinez (1998), the down-
ward continuation from the topographic surface to the ellipsoidal surface is not ill-posed
by itself.

In Fuji area, there are some data gaps in some mountainous areas. Because of the
too-high sensitivity of the response function (the first derivatives of the modified Abel-
Poisson kernel) to the near-zone data, the system equations of the least squares adjustment
show weakness in such data gap areas when we set a regular fine-grid on the ellipsoid for
computation. We estimate the errors of the incremental potentials on the computational
grid of 2 by 3 minutes and show their spatial pattern in Fig. 6. An area of big errors is lo-
cated in the southeast part, which clearly corresponds to the data gaps shown in Fig. 2.
Then, we exclude the points from which no surface gravity data exists within a certain
distance. The distance should be a critical radius and we use the value of 3 arc-minutes as
a test. The distribution of the remaining points of computation is shown in Fig. 7. As a
result, only three points are removed.

Error of estimated incremental potential on the ellipsoid
(diagonal elements only: on a 2 by 3 arc-minute grid)

/\\

_— ~_

error (63.78 m /sz) :

Figure 6: Spatial distribution of error of downward-continued incremental potentials on ellipsoid,
estimated by least squares adjustment. Note that the unit of the vertical axis is 63.78 m*/s>.
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Valid grid points of Fuji Area with respect to
WGD2000 Jacobi ellipsoidal coordinates

36 T T T T T T T
LR B B BN N BN B B B BN N B BN BN BN BN B BN IR BN BN B BN BN AN J
359 22 BB IR IEIREIEIEEIBSIEREES E
I I I N I N S A A
® E S 3 S 3T EREET TR EEE S
358 L I I I I I A A A A A ) E
B ELI P EBIEREEIENSEESESEISESEETEDS
®e e s e R e eERCEIEERNRLIOEROEROIOIOEOEEOEDS
357 LR B B B BN B B L B BN B B B R B B R B B N L B A J 1
PP ILIPEIISIAIEIIRNEIEIEPOENIIBIOIEOETOEDS
PP ILIPEIISIAIEIIRNEIEIEPOENIIBIOIEOETOEDS
356 S L LI P LI LIAIEIEIAEIIBIBIEIIEIE S E
s PP ILIPEIISIAIEIIRNEIEIEPOENIIBIOIEOETOEDS
3 LI B L B L A J LI B B BN BN BN BN B K B BN N O J
By 355} L I I I N A A N N N I A E
2 ®e e s e R e eERCEIEERNRLIOEROEROIOIOEOEEOEDS
e R E R RN NN
< 354 Sses e EE SHGLIENIIGEEIEISIEBETLS E
2 ®OOLPLEOINE LAHOLOLEIENLIOIOBOEOLOIOLOLOEOLDS
= I E RN R RN EEE R RN NN RN N
= 353f S e s BB EBENIEIENRIIOGBOEBIOEOIEOIBEOETSLDS E
I I I N I N S A A
22 e 222 e ERLLTERELERESR LR RS TRES
352 LA I I A I A I A I I I N A E
PP s s INEIINIIRPREIIIBINIEELDS
ss e s s rENEIENSIEREEIBEOEETES
351} LA I I A I A I A I I I N A E
B ELI P EBIEREEIENSEESESEISESEETEDS
35 ! ! ! ! ! ! !
1376 1378 138 1382 1384 1386 1388 139 1392
Longitude (degree)

Figure 7: Location of computation points on ellipsoid, used in the study. The critical radius is set at 3
arc-minutes.

5. Computation of contribution of incremental potential in
innermost cell to surface gravity modulus

As we discussed in the section 3, we changed the algorithm for the computation of
the first derivatives of the modified Abel-Poisson kernel for the innermost cell. The diffe-
rences of the eta-components between the two algorithms are computed for the data of
Fuji area and those of 100 randomly sampled surface gravity data are shown in Fig. 8. The
values computed using the new algorithm distribute smoothly, but the corresponding va-
lues computed using the old algorithm show a big scatter at some points, whose values
differ by more than order of 2.

The corresponding elements of the design matrix of downward continuation in the
least squares adjustment are also calculated and shown in Fig. 9. The elements show a
smooth distribution in the case with the new algorithm, but a scatter again in the case with
the old algorithm. The errors associated with the old algorithm should yield significant
distortion in the results on such an order.
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eta derivative of modified Abel-Poisson kernel
for the innermost cell (Fuji area, 100 points)
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Figure 8: Comparisons of eta component of first derivatives of modified Abel-Poisson kernel between
the old, point-wise computation (Ardalan, 2000) and the new, integration computation. Only
100 points are selected for plotting. The horizontal and vertical axes give the results by the
former and latter algorithms, respectively.

Elements of design matrix for the innermost cell
(Fuji area, 100 points)
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Figure 9: Comparisons of elements of design matrix of downward continuation for innermost cell,

between the old, and new algorithm. The same 100 points as those shown in Fig. 8 are eva-
luated.
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6. Results of geoid determination by downward continuation

6.1 Incremental surface gravity modulus

The solutions of downward continuation are computed with the discussed data and
methodology. Effects of local topographic masses within the distance of 50 km are com-
puted with a digital elevation (orthometric height) model (DEM) on a 7.5 by 11.25 arc-
second grid. The DEM is given on a regular grid in the reference frame of Tokyo Datum.
The removal and restoration of the effects are evaluated under a planar approximation, in
Tokyo datum. Strictly, we should compute the effects in terms of ellipsoidal heights, but
we use here the orthometric heights as the ellipsoidal heights: the geoid heights are not
corrected to the DEM and the topographic masses above the geoid are removed/restored
instead of those above the reference ellipsoid. The ellipsoidal heights are replaced by the
orthometric heights only in the computation of the local topographic mass effects, and the
ellipsoidal heights are used in the other computations such as downward continuation. The
some systematic biases may yield in the removal procedures, but no significant errors will
be included at medium or short wavelengths. This is because the area of the local masses
is small and the variations of geoid heights within the area are also small. Additionally,
major portions of the biases, if any, are cancelled in the restoration stage.

Incremental gravity modulus at the topographic surface
for Fuji area
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Figure 10: Geographical distribution of incremental gravity modulus at topographic surface. The inc-
remental gravity modulus is computed by removing the effects of EGM96 global geopo-
tential model complete to degree/order 360, centrifugal potential, and local topographic
potential over distances up to 50 km.
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Local topographic contribution to the surface gravity modulus
for Fuji area
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Figure 11: Geographical distribution of local topographic contribution to surface gravity modulus.
Local topographic masses over distances up to 50 km are considered and denoted as TC.

The geographical distribution of incremental gravity modulus is shown in Fig. 10.
The corresponding distribution of the modulus of the local topographic mass reduction
(hereinafter called TC) is given in Fig. 11. As a matter of fact, the incremental gravity
modulus at the topographic surface is not smooth and still contains a magnitude of undu-
lations similar to TCs.

To look into the characteristics of the signals and reductions, we check the relations
between them. We plot TCs against height in Fig. 12. TC ranges from about —70 to + 200
mgal and shows a strong, linear relation to height with short wavelength variations. It is
plotted in Fig. 13 against intermediate incremental surface gravity modulus, in which only
the contributions of EGM96 and centrifugal potentials are removed. The data show a line-
ar relation with a large scatter. The intermediate incremental modulus is plotted in Fig. 14
against incremental surface gravity modulus. By the reduction of local topographic mas-
ses, the incremental surface gravity modulus shows no clear correlation with TC and still
holds a big scatter in a range of —160 to + 100 mgal. The results tell us clearly that the
local topographic reductions do not effectively smooth the data, contrary to our expectati-
on. Therefore, we cannot expect that the downward continuation approach yield stable
solutions to the discrete data in mountainous areas.

The incremental gravity modulus is plotted in Fig. 15 against height. It seems that the
modulus still show a week dependency on height.
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Local topographic contribution to the surface gravity modulus
against orthcimetric height, for Fuji area
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Figure 12: Local topographic contribution to

surface gravity modulus against

orthometric height

Local topographic contribution to surface gravity modulus against
incremental gravity modulus at topographic surface for Fuji area
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Figure 14: Local topographic contribution to
surface gravity modulus against
incremental gravity modulus at
topographic surface.

We should think of the reduction of local topographic masses carefully. The contri-
bution of local topographic masses over distances up to 50 km, to the gravity modulus at
the topographic surface is very close to the conventional terrain-corrected Bouguer cor-
rection. As Hagiwara (1975) showed, the contribution of a spherical shell in a cap of 0.1
to 10 arc-degrees can be expressed by the same term as that of the conventional Bouguer
plate. Then the incremental gravity modulus at the topographic surface differs by the a-
mount of the differences between the EGM96-induced and the (WGD2000) normal gra-
vity field. In such a small area as of 50 km range, the differences are not significant and,
therefore, the incremental gravity modulus is not so smooth as expected. To apply a

incremental gravity (mgal)

Local topographic contribution to the surface gravity modulus

against gravity modulus reduced for EGM96/centrifugal potential
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Figure 13: Local topographic contribution to
surface gravity modulus against
surface gravity modulus reduced
for EGM96 and centrifugal
potentials.

Incremental gravity modulus at topographic surface against
orthometric height for Fuji area
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Figure 15: Incremental gravity modulus at
topographic surface against
orthometric height.



downward continuation approach to the geoid determination for mountainous areas, con-
sideration of density variations in the crust and/or compensation surfaces such as Moho

and Conrad discontinuities will be needed to substantially smooth the incremental signals.

6.2 Downward continuation of incremental surface gravity
modulus to reference ellipsoid

Downward continuation computation is made to the prepared data of incremental
surface gravity modulus. The condition number of the normal matrix without any regula-
rization is 4.2x 107 and the system of equations is not ill-posed as expected. The statistics
of the input data, incremental surface gravity modulus, are as follows:

Average = - 61.9, Max=100.2, Min= - 161.3, SD=49.7 in mgal

The sigma, SD of the residuals, is 28.0 mgal. Forty-four percent of the signals are
explained by the downward-continued incremental potentials.

The geographical distribution of the estimated incremental potentials on the referen-
ce ellipsoid, WGD2000 (Grafarend and Ardalan, 1999) is shown in Fig. 16. Several out-
liers (spike-like points) are found in some area. The grid points at which the modulus of
the estimated incremental potentials exceeds 50 m*/s> are plotted in Fig. 17. Comparing
with Fig. 2, we recognize that these points are located in the data gap areas. This suggests
that the employed critical distance of 3 arc-minutes for the exclusion from computation is

a little too small.

Downward-continued incremental potential at ellipsoid
for Fuji area

/\

/ \\

1395

356 139

354 1385

138 ) deare®)
35" 1375 Loo%““de ¢

Laz,'rud
e

A 352
ree )

Figure 16: Geographical distribution of downward-continued incremental potential at WGD2000 el-
lipsoid.
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Figure 17: Location of grid points that have enormous downward-continued incremental potential,
namely the potential exceeds 50 m*/s’.
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Figure 18: Estimated incremental potential at ellipsoid and its error.

The relation between the estimated incremental potentials and their errors are shown

in Fig. 18. Such a general tendency is found that the points whose moduli of the estimated

incremental potentials are big are accompanied by big errors.
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Gravity residual by downward continuation for Fuji area Gravity residual by downward continuation against
local topographic contribution, for Fuji area

L T
150

100}
100 —

50

Gravity residual (mgal)
Gravity residual (mgal)

_s50l

-100— . . -100)

355
-150

1376 13LB 138 WSLZ 1384 1386 1388 139 1392 &}é@a "0 -5 0 % 10 190 20
Longitude (degree) \;5'\\'@& TC (mgal)
Figure 19: Geographical distribution of gravity Figure 20: Gravity modulus residual by down-
modulus residual by downward ward continuation against local
continuation. topographic contribution to surface

gravity modulus.

Gravity residual by downward continuation against
ellipsoidal height, for Fuji area
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Figure 21: Gravity modulus residual by downward continuation against ellipsoidal height.

The geographical distribution of the gravity residuals after downward continuation is
shown in Fig. 19. The residuals show a big scatter at short wavelengths. The gravity resi-
duals are plotted against TC in Fig. 20 and against (ellipsoidal) height in Fig. 21. No clear

dependency is observed in both figures. The non-smoothness of the input signals should
result in these results.

6.3 Contributions of each restoration terms to geoid undulati-
ons

The restored, combined contributions of the EGM96 geopotential model and centri-
fugal potentials are computed and their geographical distribution is shown in Fig. 22. The
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contributions produce the major features of geoid undulations in a magnitude of about 10
m. The restored local topographic potentials on the WGD2000 ellipsoid are illustrated in
Fig. 23. The figure indicates that the local topography could produce the geoidal undulati-
ons up to 8 m and also that the contributions do not contain large signals at short wave-
lengths.
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Figure 22: Geoid from EGM96, centrifugal, and local topographic potential at WGD2000 ellipsoid.
The potentials are gauged by the value of 9.78 m*/s” to convert into geoid heights.
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Figure 23: Restored local topographic potential at WGD2000 ellipsoid.
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2nd-order term of ellipsoidal Bruns formula
in geoid for Fuji area
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Figure 24: Geographical distribution of second-order term of ellipsoidal Bruns formula in geoid

height.
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Figure 25: Final geoid model by downward continuation with respect to WGD2000 reference el-
lipsoid: (a; left) in a smaller scale, and (b; right) in a larger scale.

The second-order term of ellipsoidal Bruns’ formula is evaluated for the test data and
its geographical distribution is shown in Fig. 24. The term may have a magnitude of an
order of 10* m. On the cm level discussion of the geoid modeling, we can safely ignore
this term.

The final geoid model is shown in Fig. 25 (a) on a small scale and in (b) on a large
scale. The outliers could yield geoid errors of several tens of meters.

The reference geoid model over Japan, JGEOID2000, matches with GPS/level geoid
data on a level of few tens of cm in the area. Then, comparisons with JGEOID2000 reveal
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the errors of the geoid model obtained by this study. Fig. 26 shows the geoid differences
between the two models against JGEOID2000 geoid height. The geoid model by this stu-
dy shows significant biases of more than 10 m. Fig. 22 tells us that the biases are coming
from the EGM96 contributions. The author is doubtful with the ellipsoidal coefficients
over Japan, which were converted from the spherical coefficients of EGM96, because the-
re are no such big deviations in the EGM96 geoid from the GPS/leveling geoid undulati-
ons when the author computed it from the original spherical coefficients. Therefore, we
will not further evaluate the resulting geoid model.

Geoid differences against JGEOID2000
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Figure 26: Geoid differences between downward-continued models by the present study and the refe-
rence gravimetric geoid model, JGEOID2000 against JGEODI2000 geoid height. Dia-
monds show the raw differences, vertical triangles are the contributions of local to-
pographic potential at the ellipsoid, triangles show the differences after reversing the sign
of the local topographic restoration, and laying triangles show the differences after remo-
ving the restoration term due to the local topography at the ellipsoid.

The author computes a geoid model from the same data, with the Tykhonov regulari-
zation, which was applied in the case study of Baden-Wiirttemberg by Ardalan (2000).
The results show that the regularization cannot constrain the outliers, no significant diffe-
rences are observed in the resulting models, and that the recovered incremental potentials
on the ellipsoid are totally suppressed to some extent. For the densely covered data, the

regularization is not necessary or useful in the application.
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7 Concluding remarks

The application of downward continuation in mountainous areas is discussed in this
study. We propose several corrections and improvement over the previous study by Ar-
dalan (2000). Although the local topographic mass contributions are computed with or-
thometric heights instead of ellipsoidal heights, the errors do not force major changes in
the resulting geoid model except the biases. The resulting model is not completely satis-
factory, but the key issues of the application become clear. We must develop some physi-
cal reductions to suppress the variations of incremental gravity modulus at the topographic
surface. The compensation at Moho and Conrad discontinuities and inclusion of a mass
density variation model of the crust should be among such reductions. In the mountainous
areas of Japan, the geological structures of the topography are complicated and the densi-
ties may vary significantly even in the topographic masses. Especially in volcanic areas
thick sediments with lower density cover the topographic surface and the depths of base
rocks sometimes are shallower than the zero-height level. Therefore, the density variations
in the topography or even in the crust must be considered in order to further the study of
the application. In such cases it is desirable that the depths of density discontinuity are
determined externally, for example, by seismological study and, that the densities are mo-
deled by fitting to the gravity field.
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